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EFFECTIVE SIMULA TION OF A MA CR OSCOPIC MODEL
FOR STATIONAR Y MICR OMA GNETICS

CARSTEN CARSTENSEN AND DIRK PRAETORIUS

Abstra ct. The e�ectiv e behaviour of stationary micromagnetic phenomenais modelled by
a convexi�ed Landau-Lifshitz minimization problem for the limit of large and soft magnets

 without the exchange energy. The numerical simulation of the resulting minimization
problem has to overcomedi�culties causedby the pointwise side-restriction jm j � 1 and
the stray �eld energy on the unbounded domain Rd. A penalty method models the side-
restriction and the exterior Maxwell equation is recast via a nonlocal integral operator P.
As shown in [7, 22], the discretization leads to a nonlocal problem with piecewiseconstant
ansatz and test functions and (dense) sti�ness matrices with closedform formula for their
entries. This paper addressesthe numerical solution with Newton-Raphson schemesand
the scienti�c computation of e�ectiv e micromagnetic simulations.

1. Intr oduction

Stationary micromagnetic phenomenaof static or quasi-static processesare usually based
on a variational model named after Landau and Lifshitz [3, 13]. The magnetic body 

is a bounded Lipschitz domain in Rd for d = 2; 3 on which the microscopicvector-valued
magnetization

m � : 
 ! Rd

minimizes the magnetic energyE � (m) subject to the side-restriction jmj = constant that
dependson the temperature. The e�ectiv e magnetization vector m : 
 ! Rd is a spatial
averageof the microscopicmagnetizationm � and soaveragesout the small oscillationswhich
m � is enforcedto develop for small valuesof the exchangeenergy parameter � � 0. For
large and soft magnets,the parameter � vanishesin the magneticenergy

E � (m) :=
Z



� (m) dx �

Z



f � m dx +

1
2

Z

Rd
jr uj2 dx + �

Z



jr mj2 dx:(1.1)

This is justi�ed in [9] whereit is proven that the e�ectiv e model for � ! 0 is E0(m) where
the e�ectiv e magnetization m : 
 ! Rd obeys the averagedside-restriction jmj � 1 (with
the aforementioned constant normalized to 1). Notice that the approximation even of an
e�ectiv e magnetizationzerois a nontrivial highly oscillatory problem [14, 16, 17, 20, 24, 26].
In contrast to that, this paper follows [8, 7, 22] and adopt the e�ectiv e model directly. This
relaxedproblem (RP) [9, 26] reads: Minimize

E ��
0 (m) :=

Z



� �� (m) dx �

Z



f � m dx +

1
2

Z

Rd
jr uj2 dx(1.2)
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subject to the side-restriction

jm(x)j � 1 for almost every x 2 
 :(1.3)

Givensomedirection e 2 Rd, calledeasyaxis, jej = 1, andan orthonormal basis(e; z2; z3; : : : ,
zd) of Rd, i.e. z2; : : : ; zd are an orthonormal basisof the orthogonal complement of spanf eg,
the (uniaxial) anisotropic energydensity � �� , e.g. of Cobalt, in (1.2) reads

(1.4) � �� (m) =
1
2

dX

j =2

(m � zj )2 for all m 2 Rd:

This speci�es the �rst term out of three of (1.2) and we restrict to the uniaxial casein
the following. The secondis a linear relation with the applied magnetization f , a given
function in L 2(
; Rd); here and below we employ standard notation for Lebesguespaces,
e.g. f 2 L 2(
) meansthat f is measurable(i.e. the pointwise limit of somesequenceof
continuous functions) and L 2 integrable (i.e.

R

 jf (x)j2 dx < 1 ) while L 2(
; Rd) means

L2(
) � � � � � L 2(
) in d components. The third term in (1.2) models the stray �eld energy
in Rd. Given a magnetization m (as the argument in E ��

0 (m)) the associated magnetic
potential u allows a Laplace operator � u to equal zero outside 
, equalsdiv m in a weak
sensein 
, and involvesa Neumannboundary condition [@u=@n] = � m � n for the jump [�]
on @
 (in a weak form), wheren denotesthe outer normal on the boundary @
. Thus, u is
a function of m de�ned by

(1.5) � u = div m in Rd in the senseof distributions.

Here and below, m is an L 1 function on 
 and extended by zero outside the magnetic
domain 
. Then, r u is uniquely determined and belongs to L 2(Rd; Rd) and hence the
third energyterm is �nite. This concludesthe short description of the e�ectiv e model via
(RP). In fact, (RP) hassolutions[9] which are unique [20, 22]. The numerical simulation of
the e�ectiv e magnetizationasa minimizer in (RP) already overcamethe severedi�cult y of
highly oscillating micromagnetizations.But there remain the convex side-restrictionjmj � 1
and the unboundeddomain Rd in the far �eld equation.

A coupling of the piecewiseconstant discretization of the e�ectiv e magnetizationsm h with
a (nonconforming) �nite element discretization of the magneticpotentials uh in [8] required
a bounded domain b
 that surrounds the magnetic body 
. Therein, a penalty scheme
successfullytreated the side-restriction jm h j � 1. In [7, 16, 17, 22], the exterior problem
is equivalently recastutilizing integral operators. This paper reviewsthe full model and its
discretization with an a priori and a posteriori error analysisin Section2. The focus is then
on the performanceof the simpleNewton-Raphsonschemewith penalty term in a multilevel
framework of adaptive mesh-re�ning algorithms. Section3 de�nes the numerical algorithms
proposedwhile Section4 and Section5 reports on numerical tests and generalconclusions
about the performance. A numerical example from [7] with known exact solution and a
scienti�c computing experiment from [8] with a practical application are treated. A short
Section6 summarizesa few observations and comments on future developments.

2. Exa ct and discrete models and a priori and a posteriori err or contr ol

This section presents the exact e�ectiv e model proposed for the numerical simulation of
the macroscopicmagnetization vector m 2 L 1 (
; Rd); it introducesthe reformulation of
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the stray �eld energy contribution by the Helmholtz projection P as well as the penalty
formulation for the side-restrictionjmj � 1; while this sectioncontinueswith the description
of the discretemodels,it endswith a reviewof a priori and a posteriori error control from [7].
Let m = (m1; : : : ; md) be a magnetizationand denotewith G : Rdnf 0g ! R the Newtonian
kernel,

G(x) :=

(

 � 1

2 logjxj for d = 2;

 � 1

d =(2 � d) jxj2� d for d > 2
for x 6= 0;(2.1)

where the positive constant 
 d is the surfacemeasureof the unit sphere,e.g. 
 2 = 2� ,

 3 = 4� . With the convolution operator

(Lm)(x) :=
dX

j =1

(@G=@x j � mj )(x) for all x 2 Rd

one can prove u = Lm 2 H 1
`oc(R

d), i.e. u = Lm has a weak derivative in L 2(B (0; R)) for
any ball B (0; R) around the origin 0 with arbitrary radius R. Moreover, onecan show that
r u = r (Lm) =: Pm belongsto L 2(Rd; Rd) and satis�es (1.5). The Helmholtz projection
operator

P : L 2(Rd; Rd) ! L 2(Rd; Rd)

is the L 2 orthogonal projection onto the linear and closed subspaceof all the gradients
[10, 17, 22, 23]. Hence,the stray �eld energyin E ��

0 (m) reads
Z

Rd
jr uj2 dx =

Z

Rd
(Pm) � m dx:

The Gâteaux derivative (also called �rst variation) of (RP) yields the Problem (P): Find
(�; m) 2 L 2(
) � L 2(
; Rd) such that

Pm + D� �� (m) + � m = f a.e. in 
 ;(2.2)

� � 0; jmj � 1; � (1 � jmj) = 0 a.e. in 
 :(2.3)

The variable � is the Lagrange multiplier for the side-restriction jmj � 1 and (2.3) are
the associated Kuhn-Tucker conditions. The term Pm from the stray �eld energydensity is
basedon the projection property P 2 = P and yieldsa problem(2.2) on the bounded magnetic
domain 
.

This problem (P) is well-posedin the sensethat there exists a unique solution. Given a
positive and small penalty parameter" (possiblya given function of x in 
) the penalization
of (P) reads(P" ): Find m " 2 L 2(
; Rd) such that

Pm " + D� �� (m " ) + � " m " = f a.e. in 
 ;(2.4)

� " := " � 1 maxf 0; 1 � jm " j � 1g a.e. in 
 :(2.5)

Problem (P" ) is well-posed in the sensethat there exists a unique solution. The spatial
discretization of (P) and (P" ) is basedon a partition of 
 into a �nite number of measurable
subsetsof 
. Let T be a �nite set of closedsubsetsof 
 which are the closuresT = int(T)
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of pairwise disjoint Lipschitz domainsint(T) � 
. Then L 0(T ) denotesthe linear subspace
of T -piecewiseconstants, e.g. the mesh-sizefunction

h := hT 2 L 0(T ) � L 1 (
 ) de�ned by hjT := hT := diam(T) for all T 2 T :

[Recall that (�)jT denotes the restriction of a function (�) onto T.] Another example is
fT 2 L 0(T ; Rd), the piecewiseintegral mean of the given right-hand side f 2 L 2(
; Rd)
de�ned by

fT jT := jTj � 1
Z

T
f (x) dx for all T 2 T :

Also, let " := "h 2 L 0(T ) be a piecewiseconstant penalty parameter function. Then, a
consistent Galerkin discretization of (P" ) with T -piecewiseconstant trial and test functions
reads(P";h ): Find mh in L 0(T ; Rd) such that

jTj � 1
Z

T
(Pmh)(x) dx + D� �� (mh jT ) + � h jT mh jT = fh jT for all T 2 T ;(2.6)

� h jT := (" jT )� 1 maxf 0; 1 � jmh jT j � 1g for all T 2 T :(2.7)

The discretemodel (P";h ) canbe reformulated asa minimization problem to apply the direct
method of the calculusof variations and to show the well-posedness,i.e. the uniqueexistence
of solutions.

The numericalcomputation of the uniquesolution m h is the topic of the subsequent sections.

This section endswith a review of the a priori and a posteriori error analysis in [7] under
the present notation. Throughout, let (�; m) and (� h; mh) solve (P) and (P";h ) respectively.
Then, there is an T -independent constant C > 0 such that

kPm � Pmhk2
L 2 (Rd ) + kD� �� (m) � D� �� (mh)k2

L 2 (
) + k� m � � hmhk2
L 2 (
) + k"� hmhk2

L 2 (
)

� C(1 + k"kL 1 (
) )
�

km � mT k2
L 2 (
) + kD� �� (m) � (D � �� (m))T k2

L 2 (
)

+ k� m � (� m)T k2
L 2 (
)

�
+ Ck"kL 1 (
) k

p
" � mk2

L 2 (
) :

(2.8)

Here and below, mT (resp. (D� �� (m))T ) denotesthe T -piecewiseintegral mean of m 2
L1 (
; Rd) (resp. D� �� (m)) and hencethe �rst three terms on the right-hand side of (2.8)
are best approximation errors. The last term Ck"kL 1 (
) k

p
"� mk2

L 2 (
) of order O("2) is the
penalty error. If we supposem and � smooth (i.e. m 2 H 1(
; Rd), D � �� (m) 2 H 1(
; Rd),
and � m 2 H 1(
; Rd)) then (2.8) veri�es

kPm � PmhkL 2 (Rd ) + kD� �� (m) � D� �� (mh)kL 2 (
)

+ k� m � � hmhkL 2 (
) + k"� hmhkL 2 (
) = O(" + h):

In the samespirit, there holds an a posteriori error estimate

kPm � Pmhk2
L 2 (Rd ) + kD� �� (m) � D� �� (mh)k2

L 2 (
)

� 2
�

k" � hmhk2
L 2 (
) + k" j� hmh jf (f � fh) � (Pmh � (Pmh)T )gkL 1 (
)

+ h(f � fh) � (Pmh � (Pmh)T ) ; m � mT i L 2 (
)

	
:

(2.9)
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The right-hand side of (2.9) is not fully computableas it contains m � m T . Sincejmj � 1
there follows km � mT kL 1 (
) � 2 and, hence,by H•older's inequality

h(f � fT ) � (Pmh � (Pmh)T ) ; m � mT i L 2 (
) � 2k(f � fT ) � (Pmh � (Pmh)T )kL 1 (
) :

For m 2 W 1;1 (
; Rd), the Poincar�e estimate leadsto

h(f � fT ) � (Pmh � (Pmh)T ) ; m � mT i L 2 (
) � C khf (f � fT ) � (Pmh � (Pmh)T )gkL 1 (
)

with a constant C = CP kmkW 1;1 (
) .

The two resulting a posteriori error estimatesare reliable (in the �rst caseasno assumption
on the smoothnessof the unknown solution m is included) but not e�cien t (as the estimate
behaves too coarse- cf. [7] and the numerical examplesbelow); or, conversely, e�cien t
(as the secondestimate shows the higher convergencerates) but not reliable (or it appears
doubtful to assumea higher smoothnesslike m 2 W 1;1 (
; Rd)). This phenomenonis called
reliabilit y-e�ciency gap in [5]: What is reliable is not e�cien t and what is e�cien t is not
reliable. The reasonis a lack of control over the term km � m hkL 2 (
) . The estimatesallow
control over kzj � (m � mh)kL 2 (
) for j = 2; 3; : : : ; d via kD� �� (m) � D� �� (mh)kL 2 (
) but
not over ke � (m � m h)kL 2 (
) and so we lack any improved estimate over km � m T kL 2 (
) �
km � mhkL 2 (
) .

3. Numerical Algorithms

This sectionpresents the details on the numerical algorithms with emphasison the Newton-
Raphsonsolver. Sincethere is a small penalty parameter involved, the performanceof the
documented schemeswill be studied in the subsequent sections.The discreteequationswith
respect to a triangulation T = f T1; : : : ; TN g lead to the unknown coe�cien ts x 2 RdN of

(3.1) mh =
NX

j =1

dX

� =1

x [j ;� ]''' [j ;� ] 2 L 1 (
; Rd):

Here,oneabbreviates[j ; 1] := j and [j ; 2] := j + N in 2D (and furthermore [j ; 3] := j + 2N
for 3D) to �x the order of the coe�cien ts and ''' [j ;� ] := � Tj e� is the vector valued function
with the value e� = (� 1� ; : : : ; � d� ) [i.e. the k-th canonicalunit vector for Kronecker's � �� ]
on Tj which vanishesoutside Tj . In terms of the coe�cien ts (3.1) and with the abbreviate
notation " k := " jTk and xk := (x [k;1]; : : : ; x [k;d]) 2 Rd, the discreteproblem (P";h ) reads

jTk j � 1
NX

j =1

dX

� =1

x [j ;� ]

Z

Tk

(P''' [j ;� ]) dx + " � 1
k maxf 0; 1 � jxk j � 1gxk + D� �� (xk) � fh jTk = 0 2 Rd

for all k = 1; 2; : : : ; N . This nonlinear systemof equationsis recastas

F(x) = 0 2 RdN

and then solved by the Newton-Raphsonscheme. The following termination criterion is
basedon suggestionsin [15].

Algorithm 3.1 (Newton-Raphson). Input: Let x (0) 2 RdN be a given initial vector.
(i) Call Newton-Rhapsonschemeto computex (1) ; : : : ; x (k) 2 RdN until

jF(x (k))j � 10� 12 + 10� 6jF(x (0) )j or k = 100:
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(ii) In case k = 100 stop with an error message.Otherwise call Newton-Rhapsonscheme
with initial vector x (k) to computex (k+1) ; : : : ; x (`+1) 2 RdN until

jF(x (` ))j � minf 10� 12; jF(x (`+1) )jg or ` = 100:

(iii) In case` = 100 stop with an error message.Otherwisex (` ) is an approximation of the
(unique) zero of F.
Output: Either error messageor the number ` of iterations and x := x (` ) as an approxima-
tion to the zero of F.

The evaluation of F(x) and DF(x) is possiblewith a closedform formula for the sti�ness
matrix A 2 RdN � dN

sym of the operator P de�ned by

A [j ;� ][k;� ] :=
Z

Rd
(P''' [k;� ]) � ''' [j ;� ] dx = �

Z

@Tj

Z

@Tk

G(x � y)n(j )
� (x)n(k)

� (y) dsy dsx(3.2)

(with outer normal vectors n (j ) and n (k) on the boundaries @Tj and @Tk , respectively),
cf. [22, 23]. The computation of the double boundary integral can be performed exactly
[6, 11, 18]. The following algorithm is formulated for 2D but works for 3D analogously. In
particular, it shows that F(x) and DF(x) can be assembled in linear complexity up to one
matrix-vector multiplication.

Algorithm 3.2 (Compute F(x) and DF(x)). Input: x 2 R2N , A 2 R2N � 2N
sym de�ned by

A [j ;� ][k;� ] :=
R

R2 (P''' [k;� ]) � ''' [j ;� ] dx, and z 2 R2 such that D� �� (x) = (x � z)z for all x 2 R2

and set b := Ax ; M := A .
Compute:

for j = 1 to N
mhT= (x [j ;1]; x [j ;2])T 2 R2;
(b[j ;1]; b[j ;2])T := (b[j ;1]; b[j ;2])T + jTj j(mhT� z) z �

R
Tj

f dx;
� M 11

j j M 12
j j

M 21
j j M 22

j j

�
:=

� M 11
j j M 12

j j
M 21

j j M 22
j j

�
+ jTj j z 
 z;

if ` := jmhTj > 1
(b[j ;1]; b[j ;2])T := (b[j ;1]; b[j ;2])T + " � 1

j jTj j(1 � ` � 1) mhT;
� M 11

j j M 12
j j

M 21
j j M 22

j j

�
:=

� M 11
j j M 12

j j
M 21

j j M 22
j j

�
+ " � 1

j jTj j
n

(1 � ` � 1)
� 1 0

0 1

�
+ ` � 3 mhT
 mhT

o
;

endif
endfor .

Output: DF(x) = M 2 R2N � 2N
sym and F(x) = b 2 R2N .

The rectangular elements employed throughout this paper guarantee that DF(x) is always
positive de�nite. Our calculations con�rmed this in the sensethat they did not show any
instabilities.

The nestedNewton-Raphsonsolver in Algorithm 3.1 is part of a multilevel schemedriven
by an adaptive algorithm. We adopted the estimators

� :=
� X

T 2T

� 2
T

� 1=2
and � :=

� X

T 2T

� 2
T

� 1=2
(3.3)
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with the re�nement indicators � T ; � T , for T 2 T , de�ned by

`T := ("� h jmh j)jT = maxf 0; jmh jT j � 1g;

� 2
T := (1 + `T )k(f � fT ) � (Pmh � (Pmh)T )kL 1 (T ) + jTj`2

T ;

� 2
T := (hT + `T )k(f � fT ) � (Pmh � (Pmh)T )kL 1 (T ) + jTj`2

T :

(3.4)

The estimator � is reliable, i.e. an upper boundfor the error kPm� Pm hkL 2 (Rd )+ kD� �� (m)�
D� �� (mh)kL 2 (
) up to a multiplicativ e constant, but cannot be e�cien t, i.e also a lower
bound; the estimator � is reliable solely for m 2 W 1;1 (
; Rd), but expectedto be e�cien t.

Algorithm 3.3 (Adaptiv eMesh-Re�nement) . Input: Initial triangulation T (0) , � > 0, and
0 � � � 1. Set n = 0 and mh := 0.
Computefor n = 1; 2; : : : until termination
(i) On Tj 2 T (n) = f T1; : : : ; TN g set " jTj := " j = h�

Tj
> 0, j = 1; : : : ; N

(ii) Call Algorithm 3.1 with start vector associated to m (n� 1)
h and output m (n)

h .
(iii) Compute� and � from (3.3) and indicators � j := � Tj and � j := � Tj from (3.4) with m h

substituted by m (n)
h .

(iv) Mark an elementTj 2 T (n) provided � j � � max
1� k� N

� k (or � j respectively).

(v) Re�ne the marked elements,update n and go to (i).
Output: Sequence of T (n) , � (n) , � (n) , m (n)

h for n = 1; 2; : : : ;.

The choice� = 0 in Algorithm 3.3 leadsto uniform mesh-re�nement, whereas� = 1=2 leads
to adapted meshes.The remaining implementational details (on the calculations of A , � j ,
� j and the mesh-designin quads)will be given in [7].

This sectionwill be concludedwith a few remarks on the fast (approximate) evaluation of
the sti�ness matrix A of Algorithm 3.2 for the nonlocal operator P; further details on this
H 2-matrix approach will appear in [21]. Given two elements Tj and Tk with (large) positive
distance,the entry

A [j ;� ];[k;� ] =
Z

Tj

Z

Tk

@2G
@x � @x �

(x � y) dydx for 1 � j ; k � N and 1 � � ; � � d

is approximated by replacing the (smooth) integral kernel

g�� (x; y) =
@2G

@x � @x �
(x � y) for � ; � = 1; 2; : : : ; d

by a tensor product of polynomials in x and y. For certain setsof elements � ; � � T and
associated domains[ � resp. [ � with large distance(obtained by a cluster tree partitioning
of T , cf. [2]), let vectorsx (� )

m1 2 [ � ; y(� )
m2 2 [ � and polynomials p(� )

m1 ; p(� )
m2 on [ � resp. [ � be

given and de�ne

eg�� (x; y) :=
M 1X

m1=1

M 2X

m2=1

g�� (x(� )
m1

; y(� )
m2

) p(� )
m1

(x) p(� )
m2

(y) for x 2 [ � and y 2 [ � :
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Given any Tj 2 � and Tk 2 � the fast approximate evaluation of the submatrix A �� j � � � of
A �� 2 RN � N

sym , A ��
j k := A [j ;� ];[k;� ], is basedon the approximation

A [j ;� ];[k;� ] �
Z

Tj

Z

Tk

eg�� (x; y) dydx =
M 1X

m1=1

M 2X

m2=1

g�� (x(� )
m1

; y(� )
m2

)
n Z

Tj

p(� )
m1

(x) dx
on Z

Tk

p(� )
m2

(y) dy
o

:

It is shown in [25,19] for other integral kernelsthat storageand matrix-vector multiplication
with H 2-matrix are of linear complexity O(N ) instead of O(N 2). Finally, the H-matrix
approach can alsobe employed for a fast evaluation of the re�nement indicators [22, 21].

4. Numerical Experiments With Kno wn Exa ct Solution

This sectionpresents somenumerical results obtained with the multilevel adaptive solver of
Section3. The exampleis adopted from [7] to study the performanceof the solver.

The unit square
 = (0; 1)2 is �lled with a uniaxial magnetic material (1.4) with easyaxis
e = (� 1; 1)=

p
2 and z = (1; 1)=

p
2. Then,

(m(x); � (x)) :=
�

(y(x); 0) for x 2 ! ;
(x1x2(1 � y1(x)) � 1(1 � y2(x)) � 2y(x); 1) for x 2 
 n!(4.1)
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Figure 4.1. Convergencehistory of the Newton-Raphsonschemefor uniform
mesh-re�nement (� = 0) and di�eren t choicesof the penalization parameter
" = h� with � = 0:25; : : : ; 3. The number of iteration stepsin Algorithm 3.1
dependsonly slightly on � and is plotted as a function of N .

de�nes the solution with a singular gradient at the three vertices(0; 1), (1; 0), (1; 1) on the
boundary of the magneticbody 
 = (0; 1)2 with given right-hand side

(4.2) f := Pm + (m � z)z + � m 2 L 2(
; R2):

Here,

y(x) :=
(1; 1) � x
j(1; 1) � xj

and ! :=
�

x 2 

�
� j(1; 1) � xj < 1

	
:
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Figure 4.2. Convergencehistory of the Newton-Raphsonschemefor adap-
tiv e mesh-re�nement � = 1=2 and penalization with " = h and " = h3=2. The
number of iteration stepsin Algorithm 3.1 dependsonly slightly on � and N ,
although the meshesare highly adapted. Moreover, the �gure shows the num-
ber of steps for the corresponding uniform mesh-re�nement for comparison.
The increaseof the computational cost with N for adaptive mesh-re�nement
compareswith that for uniform mesh-re�nement.

The adapted meshesand several conclusionson the reliabilit y - e�ciency gap are drawn
in [7] and hencenot repeated here. The convergencehistory for Algorithm 3.1 is depicted
in Figure 4.1 for uniform mesh-re�ning and Figure 4.2 for adaptive mesh-re�ning. In both
cases,the number of iteration increasesmoderately with the number of unknowns in the
multilevel meshediteration. The smaller the parameter � the larger is the discretization
error discussedin [7] but the smaller is the computational e�ect displayed in Figure 4.1.
Since the di�erence is not too large, we omitted a re�ned strategy which begins with a
moderate � and eventually increases� from level to level. In fact, it seemsthat the choice
� = 3=2 yields a fair compromisewith k < 20 iteration stepsfor each level.

5. Numerical Example on a Pra ctical Applica tion

The �nal set of examplesconcernthe ferromagneticbeam 
 = (� 1=2; 1=2) � (� 5=2; 5=2)
[8] with easyaxis e = (1; 0) loaded with three di�eren t loads f (1) = (:6; 0) parallel, f (2) =
(0:5; 0:5) diagonally, and f (3) = (0; 0:9) orthogonal to the easy axis. Figure 5.1 displays
the e�ectiv e magnetization vectors and their lengths in a grey scalecomputed with � = 0
in Algorithm 3.3 on T (3) . We observe somemoderate changesof the orientation near the
verticesof 
 and hencerun Algorithm 3.3 with � = 1=2 for � -adaptedmeshesshown in the
respective Figure 5.10, 5.11, and 5.12. Therein, the magnetic potential Lm h is displayed
as well on a neighbourhood of 
. It is stressedthat the isolinesindicate the fact that the
approximation is in the entire spaceR2 and not restricted to a bounded subsetas in [8].
The discretization history of the meshesand a picture of the approximation of � h are given
in Figure 5.2 and Figure 5.3 for f (1) , in Figure 5.4 and Figure 5.5 for f (2) , and in Figure 5.6
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0.95

1

Figure 5.1. Discrete magnetizationsm h in Section 5 for f (1) , f (2) , and f (3)

(from left to right) and penalization with " = h3=2 on a uniform mesh T (3)

with N = 320elements.

and Figure 5.7 for f (3) . In contrast to the FE model in [8] and as quite somesurprise to
us, there is a moderate re�nement towards the verticesonly. Figure 5.8 shows the empirical
convergencehistory and (asthe true e�ectiv emagnetizationis unknown) plots the estimators
� and � as functions of N for uniform and adaptive mesh-re�nements. It turns out that,
in fact, adaptive re�nements - although superior - are not really necessaryhere [7]. The
convergencehistory of the Newton-Rhapsonscheme for " = h and h3=2 in Figure 5.9 is
similar to the previousexampleand soprovesthat our proposedadaptive multilevel scheme
of Algorithm 3.3 with a meshedNewton-Raphsonschemeperformswell for real-life scienti�c
computing.

6. Conclusions

The �nal sectionpresents conclusions,comments, and remarkson future developments.

6.1. Resume. In the large and soft body limit of micromagnetics,the e�ectiv e magneti-
zation vector, i.e. the spaceaverageof the micromagnetic magnetization vectors, can be
calculated directly from an e�ectiv e model (P). Therein, exterior �eld problem can be
recast via someHelmholtz projection operator P that allows a nonlocal problem for L 1

functions on the magneticdomain 
. The convexi�ed pointwiseside-restriction jmj � 1 can
be involved in a penalization problem (P" ). The associated discreteproblem (P";h ) acts on
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0.65 0.7 0.75 0.8 0.85 0.9 0.95 1

Figure 5.2. � -adaptively generatedmeshesT (0) (with N = 5) till T (7) (with
N = 1604) in Section5 for f (1) = (:6; 0), e = (1; 0), and " = h3=2. The grey
scaleshows the length jm h j of the discretesolution.

0.05 0.1 0.15 0.2 0.25

Figure 5.3. Discrete Lagrange multiplier � h on � -adaptively generated
meshesT (0) (with N = 5) till T (7) (with N = 1604) in Section 5 for
f (1) = (:6; 0), e = (1; 0), and " = h3=2. The grey scaleshows the pointwise
value of � h. In the white region we have � h � 0, i.e. jmh j � 1.

piecewiseconstant trial and test functions. The work [7] presented a throughout a priori
and a posteriori error analysisof the discretization errors.
This paper presented an adaptivemultilevel schemewith a nestedNewton-Raphsoniteration
for the e�cien t solution of the discretee�ectiv e model. The numerical experiments of this
paper illustrate the almost linear complexity of the scheme. Although a direct solver is
employed here,an iterativ e schemefor the linear subproblemsmight easily be involved and
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0.65 0.7 0.75 0.8 0.85 0.9 0.95 1

Figure 5.4. � -adaptively generatedmeshesT (0) (with N = 5) till T (7) (with
N = 1886) in Section5 for f (2) = (:5; :5), e = (1; 0), and " = h3=2. The grey
scaleshows the length jm h j of the discretesolution.

0.05 0.1 0.15 0.2 0.25 0.3 0.35 0.4 0.45 0.5 0.55

Figure 5.5. Discrete Lagrange multiplier � h on � -adaptively generated
meshesT (0) (with N = 5) till T (7) (with N = 1886) in Section 5 for
f (2) = (:5; :5), e = (1; 0), and " = h3=2. The grey scaleshows the pointwise
value of � h. In the white region we have � h � 0, i.e. jmh j � 1.

is supported by an H-matrix approach [21]. The overall empirical experienceof this paper
and that of [7] supports the subsequent remarks.

6.2. E�ectiv e Mo delling of E�ectiv e Magnetization. The model (P";h ) allows the ef-
�cien t simulation of the e�ectiv e magnetization vectors. This yields a macroscopicapprox-
imation of a multi-scale problem with a complicatedmicroscopicstructure which would be
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0.6 0.8 1

Figure 5.6. � -adaptively generatedmeshesT (0) (with N = 5) till T (7) (with
N = 2216) in Section5 for f (3) = (0; :9), e = (1; 0), and " = h3=2. The grey
scaleshows the length jm h j of the discretesolution.

0 0.05 0.1 0.15 0.2 0.25 0.3 0.35

Figure 5.7. Discrete Lagrange multiplier � h on � -adaptively generated
meshesT (0) (with N = 5) till T (7) (with N = 2216) in Section 5 for
f (3) = (0; :9), e = (1; 0), and " = h3=2. The grey scale shows the point-
wise value of � h. In the white region we have � h � 0, i.e. jmh j � 1. Except
on the vertices,we seethat there is almost no penalization.

impossibleto computeby a resolutionof the �nes scalephenomena.We refer to [4] for a one-
dimensionaltrivial exampleof non-convex minimization problemthat illustrates that cluster
of local minimizers in the high-dimensionalglobal non-convex minimization problem yield
an extremely di�cult discreteproblem oneshouldnot assumeto be able to solve accurately.
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Figure 5.8. Experimental convergenceof the error estimators � and � in
Section5 for f (1) , f (2) , and f (3) (from top to bottom) and uniform, � -adaptive,
and � -adaptive mesh-re�nement corresponding to the penalization parameter
" = h3=2. There is (up to a multiplicativ e constant) no improvement of the
convergencebehaviour by the adaptive mesh-re�ning strategies,although we
observe somelocal mesh-re�nement towards the cornersfor f (1) and f (2) , cf.
Figure 5.2 and 5.4.
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Figure 5.9. Convergencehistory of the Newton-Raphsonschemefor uniform
(� = 0) and adaptive mesh-re�nement (� = 1=2) and penalization with " = h
and " = h3=2 for f (1) , f (2) , and f (3) (from top to bottom). The number of
iteration stepsin Algorithm 3.1 dependsonly slightly on � and N .
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Figure 5.10. Discrete Magnetization m h (zoom on the left) on the � -
adaptively generatedmeshT (4) (with N = 236) and corresponding potential
uh (right) for constant exterior �eld f (1) = (:6; 0) and penalization parameter
" = h3=2. The grey scalein the zoomed magnet displays the length jm h j of
the discretemagnetization. On the right, the pointwise value of uh is shown
by grey scaleand someisolineshave beendrawn.

6.3. Comp etition with [8]. The adaptive mesh-re�nements can be very important to im-
prove the empirical convergencerates. In many cases,however, the discrete model (P";h )
doesnot really require a local mesh-re�ning. This is in contrast to the discretemodel of [8]
whereevery vertex of the domain 
 yieldeda local mesh-re�nement towards it. In this sense,
the presented Algorithm 3 is superior to the suggestedschemesof [8]. This is particularly
true for the accuracyof the magnetic potential u := Lm which is a macroscopicquantit y
(e.g. it is smooth and doesnot exhibit oscillations) in the exterior unboundeddomain. This
point is modelled exactly in (P";h ) while the truncation error of a boundedneighbourhood

̂ of the magneticbody is NOT included in the analysisof [8] (for simplicity).

6.4. Fast Evaluation of In tegral Op erator. Comparing the CPU times, the H-matrix
approach yieldsa fast evaluation in Algorithm 2 and then is comparablewith a �nite element
couplingasin [8]. Thus, the frequent reservation againstthe integral approach with reference
to the densematrices is no longera valid argument [12, 22, 23, 21]. This will be particularly
important for 3D simulations [22].

6.5. Stabilization and Penalization. The penalty parameter" = h� for � > 1 small, such
as " = h3=2 seemsto be a good compromisebetweenaccuracy(� large) and the condition
of the discretesystemof equations(� small). In contrast to other situations in convexi�ed
problems[1] , a further stabilization appearsunnecessary. The adaptive multilevel scheme
appearsto be capableof an e�ectiv e numerical simulation.
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Figure 5.11. Discrete Magnetization m h (zoom on the left) on the � -
adaptively generatedmeshT (4) (with N = 212) and corresponding potential
uh (right) for constant exterior �eld f (2) = (:5; :5) and penalization parameter
" = h3=2. The grey scalein the zoomed magnet displays the length jm h j of
the discretemagnetization. On the right, the pointwise value of uh is shown
by grey scaleand someisolineshave beendrawn.

6.6. Future developmen ts. The a posteriori error estimatesin this paper show the reli-
abilit y-e�ciency gap for the error estimators � (proven to be reliable) and � (expected to
be e�cien t). This dramatic lack of error control requiresto be overcomein the future for
reliable and accuratenumerical simulations.
The e�ectiv e simulation of largesoft magnetsis presented in this paper. For other situations
the e�ectiv e regimesare unclear, an e�ectiv e model equation is unknown. It would be very
desirableto simulate thoseregimeswith a macroscopicdiscretization as well.
Finally, sometype of asymptotic expansionof the genericsituation for E � (m) from (1.1) in
terms of a very small positive � is very desirable.As the equationschangetype, continuous
trial and test functions of piecewise�rst-order needto be involved. Higher order discretiza-
tions are valuable but rise the di�cult y of a con
ict with the pointwise side-restriction
jmj � 1.
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