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EFFECTIVE SIMULA TION OF A MA CROSCOPIC MODEL
FOR STATIONAR Y MICR OMA GNETICS

CARSTEN CARSTENSEN AND DIRK PRAETORIUS

Abstra ct. The e ectiv e behaviour of stationary micromagnetic phenomenais modelled by
a convexi ed Landau-Lifshitz minimization problem for the limit of large and soft magnets

without the exchange energy The numerical simulation of the resulting minimization
problem has to overcomedi culties causedby the pointwise side-restriction jmj 1 and
the stray eld energy on the unbounded domain RY. A penalty method models the side-
restriction and the exterior Maxwell equation is recast via a nonlocal integral operator P.
As shown in [7, 22], the discretization leadsto a nonlocal problem with piecewiseconstart
ansatz and test functions and (dense) sti ness matrices with closedform formula for their
entries. This paper addressesthe numerical solution with Newton-Raphson schemesand
the sciertic computation of e ectiv e micromagnetic simulations.

1. Intr oduction

Stationary micromagnetic phenomenaof static or quasi-static processesare usually based
on a variational model named after Landau and Lifshitz [3, 13]. The magnetic body
is a bounded Lipschitz domain in R® for d = 2;3 on which the microscopicvector-valued
magnetization

m: ! R
minimizes the magnetic energyE (m) subject to the side-restriction jmj = constart that
dependson the temperature. The e ective magnetizationvectorm : | RY is a spatial
averageof the microscopicmagnetizationm and soaveragesout the small oscillationswhich
m is enforcedto dewelop for small values of the excdhange energy parameter 0. For
large and soft magnetzs,the paramezter vanishesi%the magnetic egergy

(1.1) E (m):= (m) dx f mdx+ % jr uj2dx + jr mj?dx:

Rd
This is justied in [9] whereit is proventhat the e ective model for ! 0is Eq(m) where
the e ective magnetizationm : | RY obeysthe averagedside-restrictionjmj 1 (with
the aforemertioned constart normalizedto 1). Notice that the appraximation even of an
e ective magnetizationzerois a nontrivial highly oscillatory problem [14, 16, 17, 20, 24, 26].
In cortrast to that, this paper follows [8, 7, 22] and adopt the e ective model directly. This

relaxed problem (RP) [9, 26] Eeads: MinimizeZ .

(1.2) E, (M) = (m) dx f mdx+ % jr uj?dx
Rd
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subject to the side-restriction
(2.3) jm(x)] 1 for almostewery x 2

Givensomedirection e 2 RY, calledeasyaxis, jej = 1, andan orthonormal basis(e; z,; z3;::

the (uniaxial) anisotropic energydensity , e.g. of Cobalt, in (1.2) reads

1 X
(1.4) (m) = 5 (m z)? forallm 2 R%:

j=2

This speci es the rst term out of three of (1.2) and we restrict to the uniaxial casein
the following. The secondis a linear relation with the applied magnetization f, a given
function in L2(; RY); here and belov we employ standard notation for Lebesguespaces,
e.g. f 2 L?() meansthat f is measurable(i.g; the pointwise limit of some sequenceof
cortinuous functions) and L? integrable (i.e. if(x)j?dx < 1) while L?(; RY means
L2() L2() in d componerts. The third term in (1.2) modelsthe stray eld energy
in RY. Given a magnetization m (as the argumert in E, (m)) the assaiated magnetic
potertial u allows a Laplace operator u to equal zerooutside , equalsdivm in a weak
sensein , and involvesa Neumannboundary condition [@=@] = m n for the jump []
on @ (in aweakform), wheren denotesthe outer normal on the boundary @. Thus, u is
a function of m de ned by

(1.5) u=divm inR? in the senseof distributions.

Here and below, m is an L! function on  and extendedby zero outside the magnetic
domain . Then, r u is uniquely determined and belongsto L?(RY RY) and hencethe
third energyterm is nite. This concludesthe short description of the e ective model via
(RP). In fact, (RP) hassolutions[9] which are unique [20, 22]. The numerical simulation of
the e ective magnetizationasa minimizer in (RP) already overcamethe seweredi cult y of
highly oscillating micromagnetizations.But there remainthe corvex side-restrictionjmj 1
and the unboundeddomain RY in the far eld equation.

A coupling of the piecewiseconstart discretization of the e ective magnetizationsmy, with

a (nonconforming) nite elemen discretization of the magnetic potertials uy, in [8] required
a bounded domain P that surrounds the magnetic body . Therein, a penalty scheme
successfullytreated the side-restrictionjmyj 1. In [7, 16, 17, 22], the exterior problem
is equivalertly recastutilizing integral operators. This paper reviewsthe full model and its

discretization with an a priori and a posteriori error analysisin Section2. The focusis then

on the performanceof the simple Newton-Raphsonsdhemewith penalty term in a multilevel

framework of adaptive mesh-re ning algorithms. Section3 de nes the numerical algorithms
proposedwhile Section4 and Section5 reports on numerical tests and generalconclusions
about the performance. A numerical example from [7] with known exact solution and a
scieriic computing experimert from [8] with a practical application are treated. A short

Section6 summarizesa few obsenations and commers on future dewelopmers.

2. Exact and discrete models and a priori and a posteriori err or contr ol

This section preserts the exact e ective model proposedfor the numerical simulation of
the macroscopicmagnetization vector m 2 L! (; RY); it introducesthe reformulation of
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the stray eld energy cortribution by the Helmholtz projection P as well as the penalty
formulation for the side-restrictionjmj  1; while this sectioncortinueswith the description
of the discretemodels, it endswith areviewof a priori and a posteriori error cortrol from [7].

Let m = (my;:::; my) be a magnetizationand denotewith G : R%fOg! R the Newtonian
kernel,

L logjxj f =2
(2.1) G(x) = 2 09)X] ord= 2, for x 6 O;

=2 d)jxj2 ¢ ford> 2

where the positive constart 4 is the surface measureof the unit sphere,e.g. , = 2,
3= 4 . With the convolution operator

Xd

(Lm)(x) := (@=@; m;)(x) forallx2 R

j=1
onecanproveu = Lm 2 HL (RY), i.e. u= Lm hasa weakderivative in L?(B(0; R)) for
any ball B(0; R) around the origin 0 with arbitrary radius R. Moreover, one can show that
ru=r (Lm)=: Pm belongsto L?(R% RY) and satis es (1.5). The Helmholtz projection
operator

P:L*R%RY) ! L*(RYRY)
is the L2 orthogonal projection onto the linear and closed subspaceof all the gradierts
[10, 17,22, 23]. Hence,the stray eld energyin E, (m) reads
z z

jr y?dx= (Pm) madx:
Rd Rd

The Gateaux derivative (also called rst variation) of (RP) yields the Problem (P): Find
(:m)2L%) L?(; RY sud that

(2.2) Pm+D (m)+ m=f ae.in ;

(2.3) O;jmj 1, (1 jmj)=0 a.e.in

The variable is the Lagrange multiplier for the side-restriction jmj 1 and (2.3) are
the assaiated Kuhn-Tucker conditions. The term Pm from the stray eld energydensity is

basedon the projection property P2 = P and yieldsa problem (2.2) on the boundel magnetic
domain .

This problem (P) is well-posedin the sensethat there exists a unique solution. Given a
positive and small penalty parameter” (possiblya givenfunction of x in ) the penalization
of (P) reads(P-): Find m- 2 L2(; RY) sud that

(2.4) Pm-+D (m:)+ -m.=f ae.in ;

(2.5) =" Tmaxf0;1 jm.j 'g ae.in

Problem (P-) is well-posedin the sensethat there exists a unique solution. The spatial
discretization of (P) and (P-) is basedon a partition of into a nite number of measurable
subsetsof . Let T bea nite setof closedsubsetsof which are the closuresT = int(T)
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of pairwise disjoint Lipschitz domainsint(T) . Then L°(T) denotesthe linear subspace
of T -piecewiseconstarts, e.g. the mesh-sizefunction

h:=hy 2L%T) L'() dened byhjr:= hy = diam(T)forall T2 T:

[Recall that ()jr denotesthe restriction of a function () onto T.] Another exampleis
fr 2 LO(T;RY), the piecewiseintegral mean of the given right-hand sidef 2 L2(; RY)
de ned by 7

friv:=jTj * f(x)dx foral T2 T:
T

Also, let " := ", 2 L%T) be a piecewiseconstart penalty parameter function. Then, a
consistet Galerkin discretization of (P-) with T -piecewiseconstart trial and test functions
reads(P-p): FinZd my in LT ; RY) sud that

(2.6) jiTi * (Pmp)(x)dx+ D (Mpjr) + njrmajr = fojr forall T2 T;
T
(2.7) nt = (1) Tmaxt0; 1l jmpjrj g foral T2 T:

The discretemodel (P-,) canbereformulated asa minimization problemto apply the direct
method of the calculusof variations and to shav the well-posedness,e. the unique existence
of solutions.

The numerical computation of the unique solution my, is the topic of the subsequensections.

This sectionendswith a review of the a priori and a posteriori error analysisin [7] under
the presen notation. Throughout, let (; m) and ( ; mp) solve (P) and (P-y,) respectively.
Then, there is an T -independert constart C > 0 sud that

(2.8)
kPm  Pmpki, ey + kD (M) D (mpkizy +km  pmpkisy + K" nmukis
C@A+K'kii(y) km mrkZ, +kD  (m) (D (m)rk,

" pW
+km (m)rki;, +CK'kiigk T omki,

Here and below, mt (resp. (D (m))t) denotesthe T -piecewiseintegral meanof m 2
LY (; RY (resp. D (m)) and hencethe rst three terrBs on the right-hand side of (2.8)
are best appraximation errors. The last term Ck"k.: () k™ ™ mkfz() of order O("?) is the

penalty error. If we supposem and smooth (i.e. m 2 H(; RY), D (m) 2 HI(; RY,
and m 2 HI(; RY) then (2.8) veries

kPm  Pmpk gy + kD (m) D (mp)kez
+km hMnKez(y + K" nmpkezgy = O(" + h):
In the samespirit, there holds an a posteriori error estimate
kPm  Pmpk, ey + kD (M) D (mp)kfz,
(2.9) 2 K" ampkfzy + K oamajf (F f))  (Pmy (Pmp)r)gkiy
+hf fh) (Pmn (Pmp)7)im mripz
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The right-hand side of (2.9) is not fully computableasit contains m my. Sincejmj 1
there followskm  m+k: () 2 and, hence,by Helder's inequality

hf fr) (Pmp (Pmp)r);m myizy  2k(F fr) (Pmyp  (Pmp)r)kiag -
Form 2 Wt (; RY), the Poincare estimate leadsto

WE fr) (Pmp (Pmp)r):m  mripz Ckhf(f fr) (Pmy (Pmp)r)gkeyy
with a constart C = Cp kmky 11 (y .

The two resulting a posteriori error estimatesare reliable (in the rst caseasno assumption
on the smaothnessof the unknown solution m is included) but not e cien t (asthe estimate
behavrestoo coarse- cf. [7] and the numerical examplesbelow); or, corversely e cient
(as the secondestimate shaws the higher corvergencerates) but not reliable (or it appears
doubtful to assumea higher smoothnesslikem 2 Wt (; RY)). This phenomenonis called
reliability-e ciency gapin [5]: What is reliable is not e cient and what is e cient is not
reliable. The reasonis a lack of cortrol over the term km  myk 2(y . The estimatesallow
cortrol over kz; (m mp)kezy forj = 2,3;::;;dviakD  (m) D (mp)kezy but
not overke (m mp)k 2y andsowe lack any improved estimateover km  mrKkyz(y

km mhkLz() .

3. Numerical Algorithms

This sectionpreserts the details on the numerical algorithms with emphasison the Newton-
Raphsonsoler. Sincethere is a small penalty parameterinvolved, the performanceof the
documerted sthemeswill be studied in the subsequensections. The discreteequationswith

X xd
(3.1) Mh = X1 512 LT (G RY):
=1 =1
Here,oneabbreviates[j;1]:=j and[j;2]:=] + N in 2D (and furthermore [j;3]:=j + 2N
for 3D) to x the order of the coe cients and' ;; ;= e is the vector valued function
with the valuee = (1 ;:::; ¢ ) [i.e. the k-th canonicalunit vector for Kronedker's ]
on T; which vanishesoutside T;. In terms of the coe cien ts (3.1) and with the abbreviate
notation "y := "jr, and Xy := (Xpeap &5 Xkea)) 2 RY, the discreteproblem (P-;,) reads
X xd z
T * Xj: 1 (P'y.p)dx+ "kl maxt0; 1 jxij lgxe+ D (Xy) frjr, = 02 RY
j=1 =1 Tk
for all k = 1;2;:::;N. This nonlinear systemof equationsis recastas
F(x)= 02 RN

and then solved by the Newton-Raphsonstheme. The following termination criterion is
basedon suggestiondn [15].

Algorithm 3.1 (Newton-Raphson) Input: Let x©® 2 RN be a giveninitial vector.

JF(x®)j 10 2+ 10 §F(x©@)j or k= 100
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(i) In casek = 100 stop with an error message.Otherwise call Newton-Rhapsonscheme

iF(x9)j  minf10 2;jF(x(™)jg or " = 100

(i) In case’ = 100 stop with an error message.Otherwisex() is an approximation of the
(unique) ze of F.

Output: Either error messager the number * of iterations and x := x() as an approxima-
tion to the zerw of F.

The ewaluation of F(x) and DF(x) is possiblewith a closedform formula for the sti ness
matrix A 2 Ry, N o}the operator P de ned b% .
32  Api= (P pgdx= G(x  y)nD(x)n"(y) ds, ds,

Rd a; @
(with outer normal vectors n¥) and n® on the boundaries @; and @, respectively),
cf. [22, 23. The computation of the double boundary integral can be performed exactly
[6, 11, 18]. The following algorithm is formulated for 2D but works for 3D analogously In
particular, it showvs that F(x) and DF(x) can be assermbled in linear complexity up to one
matrix-v ector multiplication.

Algorithm 3.2 (Compute F(x) and DF(x)). Input: x 2 RN, A 2 RN 2N de ned by

sym

Aj: ik 1= ge(P'w 1) ' 10x, andz 2 R® suchthat D (x) = (x 2z)z for all x 2 R?
andsetb := Ax; M = A.
Compute:

for j=1to N

mhE (X[i;l];XU;Z])T 2 RZ; R
(2" = (b by2)" +iTji(mhT z) z 7, Fax

Ml M2 Ml M12 .
R R
if " :=jmhT>1
(s by2)™ = (yapbyz)" + 7 i@~ HmhT
Mt m2  oMit om0, °
endif
endfor .
Output: DF(x) =M 2 RZ, N andF(x) = b 2 R™.

The rectangular elemertis employed throughout this paper guarartee that DF(x) is always
positive de nite. Our calculations con rmed this in the sensethat they did not shav any
instabilities.

The nestedNewton-Raphsonsolver in Algorithm 3.1 is part of a multilevel schemedriven
by an adaptive algorithm. We adoptedthe estimators

X 1=2 X 1=2
(3.3) = 2 and = 2

T2T T2T
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with the re nement indicators 1; 1, for T 2 T, de ned by

= (" nimpj)ir = maxfO;jmpjrj  1g;

= @+ k@ fr)  (Pmy (Pmu)r)kosy +Ti0F;
= (hr + "1)k(f fr) (Pmy  (Pmp)r)keyr + jTj%:

(3.4)

,
= AN o

The estimator isreliable,i.e. anupperboundforthe errorkPm Pmyk 2gey+kD (M)
D (mp)kez(y up to a multiplicativ e constart, but cannot be e cient, i.e also a lower
bound; the estimator is reliable solelyfor m 2 W (; RY), but expectedto be e cien t.

Algorithm 3.3 (Adaptive Mesh-Re nemen). Input: Initial triangulation T©®, > 0, and
0 1. Setn= 0and my := 0.
Computefor n = 1;2;::: until termination

(i) Call Algorithm 3.1 with start vector assaiated to mf]” Y and output mf]”).

(i) Compute and from (3.3) andindicators ; ;= 1 and ; := 7 from(3.4) with my
substitutel by m{".

(iv) Mark an elementT; 2 T(™ provided max (or ; respctively).

(v) Re ne the marked elements,update n and goto (i).
Output: Sequene of T™, M M m®™ for n=1;2;::::.

The choice = 0in Algorithm 3.3 leadsto uniform mesh-re nemen, whereas = 1=2 leads
to adapted meshes.The remaining implemertational details (on the calculationsof A, ;,
; and the mesh-desigrin quads)will be givenin [7].

This sectionwill be concludedwith a few remarks on the fast (approximate) evaluation of
the sti ness matrix A of Algorithm 3.2 for the nonlocal operator P; further details on this
H2-matrix approad will appearin [21]. Giventwo elemerts T; and T, with (large) positive
distance,the ertry
Z Z
A = @6
is Lk 1—
1T & @&

]

(x y)dydx forl j;k N andl ; d

is appraximated by replacingthe (smooth) integral kernel

@G
X;y) = X for ; =1,2;::::d
g (Xy) & @( y)
by a tensor product of polynomialsin x and y. For certain setsof elemeis ; T and

asseiated domains[ resp.[ with large distance(obtained by a cluster tree partitioning
of T, cf. [2]), let vectorsx%) 2 [ ;y%) 2 [ and polynomialspl,);ph) on[ resp.[ be
given and de ne

S &
g (xy):= g 0y x)plly) forx2 [ andy2 |

mi=1 mo=1
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Givenany T; 2 and T, 2 the fast appraximate evaluation of the submatrix A | of
A 2 R'S\'ym'\', A, = Ay i 1, is basedon the approximation
Z Z 1 Y2 nZ on Z 0
A Jik ] g (xy)dydx= g (Xhiivm))  PGJ(X) dx Pha(y) dy
Tj Tk mi=1 my=1 Tj Tk
It is shawn in [25,19] for other integral kernelsthat storageand matrix-vector multiplication
with H2Z-matrix are of linear complexity O(N) instead of O(N?2). Finally, the H-matrix
approad can alsobe employed for a fast evaluation of the re nement indicators [22, 21].

4. Numerical Experiments With Kno wn Exact Solution

This sectionpreserts somenumerical results obtained with the multilevel adaptive solver of
Section3. The exampleis adoptedfrom [7] to study the performanceof the soler.

The unit sqyare = (0;1)? is ;B'Ed with a uniaxial magnetic material (1.4) with easyaxis
e=( 1;,1)= 2andz= (1;1)= 2. Then,

: - (y(x);0) forx21!;
@D M 0D= e yae) M yatx) 00i1) forx2

~NOIN Noin o1 a
g o o, 1

Py Abdbd

ol

W N

AL

-
o
T

N
N
N

number of steps in Newton-Rhapson scheme

)
T

I
10° 10* 10° 10° 10*
number of elements

Figure 4.1. Convergencehistory of the Newton-Raphsonsthemefor uniform
mesh-re nement ( = 0) and di erent choicesof the penalization parameter
"= h with = 0:25:::;3. The number of iteration stepsin Algorithm 3.1
dependsonly slightly on and is plotted as a function of N.

de nes the solution with a singular gradiert at the three vertices(0; 1), (1;0), (1;1) on the
boundary of the magneticbody = (0; 1)? with given right-hand side

(4.2) f:=Pm+(m z)z+ m2L%; R?:
Here,

and ! = x2 j1;1) xj<1:



EFFECTIVE SIMULATION OF A MACROSCOPIC MODEL FOR STATIONAR Y MICR OMAGNETICS 9

20

(N I

©
T

number of steps in Newton-Rhapson scheme

)
T

I I I
10° 10' 10° 10° 10*
number of elements

Figure 4.2. Convergencehistory of the Newton-Raphsonstheme for adap-
tive mesh-re nemen = 1=2 and penalizationwith " = h and" = h®%2, The
number of iteration stepsin Algorithm 3.1 dependsonly slightly on and N,
although the meshesare highly adapted. Moreover, the gure shows the num-
ber of stepsfor the corresppnding uniform mesh-re nemen for comparison.
The increaseof the computational costwith N for adaptive mesh-re nemen
compareswith that for uniform mesh-re nemen.

The adapted meshesand se\eral conclusionson the reliability - e ciency gap are drawn
in [7] and hencenot repeated here. The corvergencehistory for Algorithm 3.1 is depicted
in Figure 4.1 for uniform mesh-re ning and Figure 4.2 for adaptive mesh-re ning. In both
cases,the number of iteration increasesmoderately with the number of unknowns in the
multilevel meshediteration. The smaller the parameter the larger is the discretization
error discussedin [7] but the smaller is the computational e ect displayed in Figure 4.1.
Since the di erence is not too large, we omitted a re ned strategy which beginswith a
moderate and ewvertually increases from level to level. In fact, it seemghat the choice
= 3=2 yields a fair compromisewith k < 20 iteration stepsfor ead level.

5. Numerical Example on a Pra ctical Applica tion

The nal set of examplesconcernthe ferromagneticbeam = ( 1=2;1=2) ( 5=2;5=2)
[8] with easyaxis e = (1;0) loadedwith three dierent loadsf® = (:6;0) parallel, f@® =
(0:5;0:5) diagonally, and f® = (0;0:9) orthogonal to the easy axis. Figure 5.1 displays
the e ective magnetization vectors and their lengthsin a grey scalecomputedwith = 0
in Algorithm 3.3 0on T®. We obsene somemoderate changesof the orientation near the
verticesof and hencerun Algorithm 3.3with = 1=2 for -adapted meshesshown in the
respective Figure 5.10,5.11, and 5.12. Therein, the magnetic potertial Lmy, is displayed
as well on a neighbourhood of . It is stressedthat the isolinesindicate the fact that the
approximation is in the ertire spaceR? and not restricted to a bounded subsetas in [8].
The discretization history of the meshesand a picture of the approximation of | are given
in Figure 5.2 and Figure 5.3 for f® | in Figure 5.4 and Figure 5.5 for f@®, and in Figure 5.6
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Figure 5.1. Discrete magnetizationsmy, in Section5 for f®, @ and f©
(from left to right) and penalization with " = h3? on a uniform meshT ®
with N = 320elemerts.

B

and Figure 5.7 for f® . In cortrast to the FE model in [8] and as quite somesurprise to
us, there is a moderate re nement towards the verticesonly. Figure 5.8 showvs the empirical
convergencehistory and (asthe true e ective magnetizationis unknown) plots the estimators
and asfunctions of N for uniform and adaptive mesh-re nemerts. It turns out that,

in fact, adaptive re nements - although superior - are not really necessaryhere [7]. The
corvergencehistory of the Newton-Rhapsonsdemefor " = h and h3?2 in Figure 5.9 is
similar to the previousexampleand so provesthat our proposedadaptive multilevel scheme
of Algorithm 3.3 with a meshedNewton-Raphsonschemeperformswell for real-life scierti ¢
computing.

6. Conclusions
The nal sectionpreseits conclusions,commerns, and remarkson future dewelopmerts.

6.1. Resume. In the large and soft body limit of micromagnetics,the e ective magneti-
zation vector, i.e. the spaceaverageof the micromagnetic magnetization vectors, can be
calculated directly from an e ective model (P). Therein, exterior eld problem can be
recast via some Helmholtz projection operator P that allows a nonlocal problem for L*
functions on the magneticdomain . The corvexi ed pointwiseside-restrictionjmj 1 can
be involved in a penalization problem (P-). The assiated discrete problem (P-,) acts on
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™

.ﬁ i E

0.65 0.7 0.75 o.8 0.85 0.9 0.95 a

Figure 5.2. -adaptively generatedmeshesT © (with N = 5) till T (with
N = 1604)in Section5 for f® = (:6;0), e = (1;0), and " = h%%2. The grey
scaleshaws the length jmyj of the discrete solution.

s s L
0.05 o.1 0.15 0.2 0.25

Figure 5.3. Discrete Lagrange multiplier  on -adaptively generated
meshesT©@ (with N = 5) till T™ (with N = 1604)in Section 5 for
fO = (:6;0), e = (1;0), and " = h%2. The grey scaleshaws the pointwise
valueof 4. In the white regionwe have , 0,i.e.jmyj 1.

piecewiseconstart trial and test functions. The work [7] preserted a throughout a priori
and a posteriori error analysisof the discretization errors.

This paper presened an adaptive multilevel schemewith a nestedNewton-Raphsoniteration
for the e cient solution of the discrete e ective model. The numerical experimerts of this
paper illustrate the almost linear complexity of the stheme. Although a direct solver is
employed here, an iterative schemefor the linear subproblemsmight easily be involved and
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Figure 5.4. -adaptively generatedmeshesT © (with N = 5) till T (with
N = 1886)in Section5 for f@® = (:5;:5), e = (1;0), and " = h3?2. The grey
scaleshaws the length jmyj of the discrete solution.
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Figure 5.5. Discrete Lagrange multiplier  on -adaptively generated
meshesT© (with N = 5) till T™ (with N = 1886)in Section 5 for
f@ = (:5;:5), e = (1;0), and " = h%2. The grey scaleshaws the pointwise
value of 4. In the white regionwe have , 0,i.e. jmyj 1.

is supported by an H-matrix approad [21]. The overall empirical experienceof this paper
and that of [7] supports the subsequehremarks.

6.2. E ectiv e Mo delling of E ectiv e Magnetization. The model (P-) allows the ef-
cient simulation of the e ective magnetization vectors. This yields a macroscopicapprox-
imation of a multi-scale problem with a complicated microscopicstructure which would be



EFFECTIVE SIMULATION OF A MACROSCOPIC MODEL FOR STATIONAR Y MICR OMA GNETICS 13

il

s
0.6

Figure 5.6. -adaptively generatedmeshesT © (with N = 5) till T (with
N = 2216)in Section5 for f® = (0;:9), e = (1;0), and " = h%%2. The grey
scaleshaws the length jmyj of the discrete solution.
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Figure 5.7. Discrete Lagrange multiplier  on -adaptively generated
meshesT©@ (with N = 5) till T?™ (with N = 2216)in Section 5 for
f® = (0;:9), e = (1;0), and " = h%®2, The grey scale shows the point-

wisevalue of . In the white regionwe have ,, 0,i.e. jmyj 1. Except
on the vertices, we seethat there is almost no penalization.

impossibleto computeby a resolution of the nes scalephenomena.We referto [4] for a one-
dimensionaltrivial exampleof non-corvex minimization problemthat illustrates that cluster
of local minimizers in the high-dimensionalglobal non-corvex minimization problem yield
an extremelydi cult discreteproblem oneshouldnot assumeto be able to solve accurately
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Figure 5.8. Experimertal convergenceof the error estimators and in
Section5 for f®, f@ and f® (from top to bottom) and uniform, -adaptive,
and -adaptive mesh-re nemern correspnding to the penalization parameter
" = h%2. Thereis (up to a multiplicativ e constart) no improvemen of the
convergencebehaviour by the adaptive mesh-re ning strategies,although we
obsene somelocal mesh-re nemen towards the cornersfor f@& and @, cf.
Figure 5.2 and 5.4.
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Figure 5.9. Convergencehistory of the Newton-Raphsonschemefor uniform
(= 0) and adaptive mesh-re nemen ( = 1=2) and penalizationwith " = h
and " = h%2 for f{®, @ and f® (from top to bottom). The number of
iteration stepsin Algorithm 3.1 dependsonly slightly on and N.
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Figure 5.10. Discrete Magnetization my (zoom on the left) on the -
adaptively generatedmeshT ® (with N = 236) and corresmpnding potential
un (right) for constart exterior eld f® = (:6;0) and penalization parameter
" = h32, The grey scalein the zoomed magnet displays the length jmyj of
the discrete magnetization. On the right, the pointwise value of uy is shovn
by grey scaleand someisolineshave beendrawn.

6.3. Comp etition with [8]. The adaptive mesh-re nemertts can be very important to im-
prove the empirical corvergencerates. In many cases,however, the discrete model (P-)
doesnot really require a local mesh-re ning. This is in cortrast to the discrete model of [g]
whereewery vertex of the domain yieldeda local mesh-re nemen towardsit. In this sense,
the preserted Algorithm 3 is superior to the suggestedschemesof [8]. This is particularly
true for the accuracyof the magnetic potential u := Lm which is a macroscopicquartit y
(e.g. it is smooth and doesnot exhibit oscillations)in the exterior unboundeddomain. This
point is modelled exactly in (P-) while the truncation error of a bounded neighbourhood

" of the magneticbody is NOT included in the analysisof [8] (for simplicity).

6.4. Fast Evaluation of Integral Operator. Comparing the CPU times, the H-matrix
approad yields a fast evaluation in Algorithm 2 and then is comparablewith a nite elemen
couplingasin [8]. Thus, the frequert resenation againstthe integral approad with reference
to the densematricesis no longera valid argumert [12, 22, 23, 21]. This will be particularly
important for 3D simulations [22].

6.5. Stabilization and Penalization. The penalty parameter" = h for > 1small, suth
as" = h%? seemsto be a good compromisebetweenaccuracy( large) and the condition
of the discrete systemof equations( small). In cortrast to other situations in corvexi ed
problems[1] , a further stabilization appearsunnecessary The adaptive multilevel stheme
appearsto be capableof an e ective numerical simulation.
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Figure 5.11. Discrete Magnetization my (zoom on the left) on the -
adaptively generatedmeshT ® (with N = 212) and corresmnding potential
un (right) for constart exterior eld f@ = (:5;:5) and penalization parameter
" = h32, The grey scalein the zoomed magnet displays the length jmyj of
the discrete magnetization. On the right, the pointwise value of uy is shovn
by grey scaleand someisolineshave beendrawn.

6.6. Future developments. The a posteriori error estimatesin this paper show the reli-
ability-e ciency gap for the error estimators (proven to be reliable) and (expectedto
be e cient). This dramatic lack of error cortrol requiresto be overcomein the future for
reliable and accurate numerical simulations.

The e ectiv e simulation of large soft magnetsis preserted in this paper. For other situations
the e ectiv e regimesare unclear, an e ective model equation is unknown. It would be very
desirableto simulate those regimeswith a macroscopicdiscretization as well.

Finally, sometype of asymptotic expansionof the genericsituation for E (m) from (1.1) in
terms of a very small positive is very desirable. As the equationschangetype, cortinuous
trial and test functions of piecewiserst-order needto be involved. Higher order discretiza-

tions are valuable but rise the dicult y of a conict with the pointwise side-restriction
jmj 1.

Acknowledgemen t. The support of the Austrian ScienceFund FWF under grant P15274
and the EPSRC under grant N09176/01is thankfully acknowledged. Part of this work was
done during a visit to the Isaac-NewtonlInstitute of Mathematical Sciences,Cambridge,

England.
References

[1] S. Bar tels, C Carstensen, P. Plecha c, A. Pr ohl : Convergene for Stabilisation of Degeneately
ConvexMinimisation Problems preprint 2003.



18 CARSTEN CARSTENSEN AND DIRK PRAETORIUS

Figure 5.12. Discrete Magnetization my, (zoom on the left) on the -
adaptively generatedmeshT @ (with N = 248) and correspnding potertial
un (right) for constart exterior eld f® = (0;:9) and penalization parameter
" = h®2. The grey scalein the zoomed magnet displays the length jmyj of
the discrete magnetization. On the right, the pointwise value of u, is shovn
by grey scaleand someisolineshave beendrawn.

[2] S. Berm, L. Grased yck, W. Hackbusch : Intr oduction to Hierarchical Matric eswith Applications,
Engineering Analysis with Boundary Elemerts 27, (2003) 405-422.

[3] W.F. Br own: Micromagnetics John Wiley and Sons,New York 1963.

[4] C. Carstensen : Numerical analysis of microstructure, Lecture Note 10/2001, Max Planck Institute
for Mathematics in the Sciences/) eipzig 2001.

[5] C. Carstensen, K. Jochimsen : Adaptive nite elementerror control for non-convex minimization
problems: Numerical two-well model exampleallowing microstructures Computing 71 (2003), 175-204.

[6] C. Carstensen, D. Praetorius : A Posteriori Error Control in Adaptive Qualocation Boundary
Element Analysis for a Logarithmic-Kernel Integral Equation of the First Kind, SIAM J. Sci. Comp.
25 (2004), 259-283.

[7] C. Carstensen, D. Praetorius : Numerical Analysis for a Macros@mpic Model in Micromagnetics
submitted 2003.

[8] C. Carstensen, A. Prohl: Numerical Analysis of Relaxal Micromagnetics by Penalised Finite
Elements Numer. Math. 90 (2001), 65-99.

[9] A. DeSimone: Energy Minimizers for Large Ferromagnetic Bodies, Arch. Rational Mech. Anal. 125
(1993), 99-143.

[10] D. Gilbar g, N.S. Tr udinger : Elliptic Partial Dier ential Equations of Second Order, vol. 224 of
Grundlehren der mathematischenWissenschaften Springer Verlag 1977.

[11] W. Hackbusch : Direct Integration of the Newton Potential Over CubesIncluding a Program Descrip-
tion, Computing 68 (2003), 193-216.

[12] W. Hackbusch, J.M. Melenk : H-Matrix Treatment of the Operator r div, in preparation 2003.

[13] A. Hubert, R. Schafer : Magnetic Domains. Springer-Verlag, Berlin 1998.



EFFECTIVE SIMULATION OF A MACROSCOPIC MODEL FOR STATIONAR Y MICR OMAGNETICS 19

[14] R.D. James, D. Kinderlehrer : Frustration in Ferromagnetic Materials, Continuum Mech. Ther-
mondyn. 2 (1990), 215-239.

[15] C.T. Kelley : Iterative Methods for Linear and Nonlinear Equations, Frontiers in Applied Mathe-
matics 16, Philadelphia 1995.

[16] M. Luskin, L. Ma: Analysis of the Finite Element Approximation of Microstructure in Micromag-
netics, SIAM J. Numer. Anal. 29 (1992), 320-331.

[17] L. Ma: Analysis and Computation for a Variational Problemin Micromagnetics Ph.D. thesis, Uni-
versity of Minnesota 1991.

[18] M. Maischak : The Analytical Computation of the Galerkin Elements for the Laplaee, Lame and
Helmholtz Equation in BEM, Preprint 1999: 2D BEM, Preprint 2000: 3D BEM, Institut fur Ange-
wandte Mathematik, Universitat Hannover 1999/2000.

[19] .M. Melenk, S. Berm, and M. Lehndorf : Approximation of Integral Operators by Variable-
Order Interpolation, Preprint 82/2002, Max-Planck-Institute for Mathematics in the Sciences)eipzig
2002.

[20] P. Pedregal : Parametrized Measures and Variational Principles, Birkheuser,Basel 1997.

[21] N. Popovic, D. Praetorius : Applications of H-Matrix Techniquesin Micromagnetics, submitted
2004. Preprint available at http://www.anum.tuwien.ac.at/~dirk/download

[22] D. Praetorius : Analysis, Numerik und Simulation einesrelaxierten Modellproblemszum Mikr omag-
netismus Doctorial thesis, Vienna University of Technology 2003.

Submitted thesis available at http://www.anum.tuwien.ac.at/~dirk/download

[23] D. Praetorius : Analysis of the Operator ldiv Arising in Magnetic Models to appear in ZAA
(2004).

[24] A. Pr ohl : Computational Micromagnetism Teubner 2001.

[25] S. Sauter : Variable Order Panel Clustering, Computing 64 (2000), 223-261.

[26] L. Tartar: Beyond Young Measures Meccanica30 (1995), 505-526.

Depar tment of Mathematics, Humboldt-Universit at zu Berlin, Unter den Linden 6, D-10099
Berlin, Germany
E-mail address cc@math.hu-berlin.de

Vienna University of Technology, Institute for Anal ysis and Scientific Computing, Wied-
ner Hauptstra e 8-10, A-1040 Vienna, Austria
E-mail address Dirk.Praetorius@tuwien.ac.at



