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Abstract

We analyze the convergence behavior of collocation schemes applied to approximate solutions of BVPs in
nonlinear index 1 DAEs, which exhibit a critical point at the left boundary. Such a critical point of the DAE
causes a singularity in the inherent nonlinear ODE system. In particular, we focus on the case when the
inherent ODE system is singular with a singularity of the first kind and apply polynomial collocation to the
original DAE system. We show that for a well-posed boundary value problem in DAEs having a sufficiently
smooth solution, the global error of the collocation scheme converges with the so-called stage order. Due
to the singularity, superconvergence does not hold in general. The theoretical results are supported by
numerical experiments.

1 Introduction

Motivated by numerous important applications from physics, see [3], [4], [13], [27], chemistry, cf. [6], [25], [26],
mechanics, [5], ecology, see [20] and [23], or economy [7], [8], [14], a lot of interest and effort was put into
the development of efficient numerical algorithms for the approximate solution of BVPs in explicit ODEs
exhibiting singularities. Such problems are often given in the form,

x′(t) =
1
tα

M(t)x(t) + h(x(t), t), t ∈ (0, 1], (1a)

B0x(0) + B1x(1) = β, x ∈ C[0, 1], (1b)

where α ≥ 1, x is an m-dimensional real function, M is a smooth m×m matrix, h is a smooth function
mapping into R

m, and β ∈ R
p, B0, B1 ∈ R

p×m. For α = 1 the problem is called singular with a singularity
of the first kind, for α > 1 it is essentially singular (singularity of the second kind). Research activities
in related fields, like the computation of connecting orbits in dynamical systems ([24]), or singular Sturm-
Liouville problems ([1]), also benefit from new findings for problems of the form (1). The first attempt to
extend collocation techniques developed in the context of singular explicit ODEs to DAEs was discussed for
linear index 1 DAEs in [19]. To avoid repetitions we refer the reader to the latter paper for an overview of
the state of research on the numerical treatment for singular ODEs.
It turns out that polynomial collocation retains its very advantageous convergence properties, even when
the singularity is present, and therefore it serves as a robust and dependable basic solver for singular ODEs.
As we have expected, collocation shows similar properties in the context of singular linear DAEs, see [19].
The aim of this article is to extend these results to the nonlinear case.
The open domain Matlab code bvpsuite has been designed to solve general implicit systems of ODEs
which may have arbitrary order including zero. In particular, algebraic constraints are also permitted and
therefore, DAEs are in the scope of the code. [16], [17], [19] give numerical experiments and comparisons
with existing software. We stress that in the present paper, we only use bvpsuite executed on coherently
refined grids in order to illustrate the convergence order of the involved collocation schemes. We do not
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attempt to compare the available software for DAE systems here. As a matter of fact, bvpsuite has been
used to work out the related conjectures before proving them. We recall that the dependable performance
of the code is ensured by a strict analysis only for singular problems of the form (1) with α = 11. For α > 1
the convergence theory of the collocation applied to (1) is an open and extremely challenging question. The
additional difficulty in case of DAEs is due to their implicit nature.

Much progress has been made concerning DAE theory and applications, but there are still many questions left
open. In particular, the numerical treatment of critical points and singularities is just emerging. Encouraged
by the positive results for the linear case [19], we approach here the singular nonlinear index 1 DAE systems.
DAEs with properly stated leading term, were introduced and studied for example in [2, 9, 21]. This enables a
proper and natural description of the involved solution derivatives. To this end, one considers DAEs written
in the form

f((D(t)x(t))′, x(t), t) = 0, t ∈ [a, b]. (2)

One of the advantages of this precise description of the problem structure is that there exists an inherent
explicit regular ODE uniquely determined by the problem data, see [9, 10]. Under mild assumptions, DAEs
in standard form can be reformulated to have properly stated leading terms. For DAEs with properly stated
leading terms arising in applications, see [9].
In [22], linear DAEs with properly stated leading term and type 1A-critical points have been analyzed.
This means that after decoupling the system using the matrix chain technique developed in [2] into the
differential and algebraic components, the related inherent ODE exhibits a singularity of the first or sec-
ond kind. The singularities discussed here are the counterparts to the 1A-critical points for nonlinear DAEs.

Recall that according to [19], for linear systems of DAEs with a singularity of the first kind and appropriately
smooth problem data, the stage order of the collocation scheme is retained, provided that the so-called
canonical projector remains bounded. This means that the global error of the collocation scheme with
k collocation points is O(hk) uniformly in t, where h denotes the constant stepsize. We observe order
reductions if the canonical projector becomes unbounded. In this article we will formulate the respective
convergence results for BVPs in nonlinear index 1 DAEs with a singularity of the first kind.

The paper is structured in the following way. In Section 2, we describe the problem setting and show how
the analytical system can be decoupled into the differential and algebraic components. The problem data
is given in such a way that the inherent ODE exhibits a singularity of the first kind at t = 0. Collocation
methods are introduced and their convergence behaviour at collocation points is analyzed in Section 3, while
their uniform convergence is discussed in Section 4. In Section 5, we consider a quasi-linear DAE system.
Here, the aim is to formulate sufficient conditions in terms of the original problem data leading to the
decoupled system from Section 2. The analytical results are illustrated by numerical experiments in Section
6.

2 Problem Specification and Analytical Results

We discuss convergence properties of collocation for DAEs, where the so-called inherent ODE may have a
singularity of the first kind. In this section we analyze the error of collocation methods applied to a nonlinear
boundary value problem for a system of DAEs given in the following form:

f((D(t)x(t))′, x(t), t) = 0, t ∈ (0, 1], (3a)
B0D(0)x(0) + B1D(1)x(1) = β, (3b)

1Clearly, this also holds for regular problems with α = 0.
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where f(y, x, t) ∈ R
m, D(t) ∈ R

n×m, y ∈ R
n, x ∈ D, with D ⊆ R

m open, t ∈ [0, 1], n ≤ m. The data
f, fy, fx, D are assumed to be at least continuous on their definition domains. Moreover, we require that

ker fy(y, x, t) = 0, (y, x, t) ∈ R
n ×D × (0, 1], (4)

R(D(t)) = R
n, t ∈ [0, 1]. (5)

Conditions (5) and (4) mean that the matrix D(t) has constant full row rank n on the closed interval while
fy(y, x, t) has full column rank n on D × (0, 1], respectively. At t = 0 the matrix fy(y, x, t) may undergo
a rank drop. The structure (4) and (5) means that the system (3a) has a properly stated leading term on
R

n ×D × (0, 1], cf. [9]. We consider solutions in the function space given below,

C1
D([0, 1], Rm) := {x ∈ C([0, 1], Rm) : Dx ∈ C1([0, 1], Rn)}.

This setting includes classical singular boundary value problems of the form (1) with m = n, D(t) = I and
f(y, x, t) = tαy − M(t)x − h(x, t). In this paper, we are interested in n < m.
The structure of the boundary conditions given in (3b) which are necessary and sufficient for (3) to be
well-posed, will be specified later.

We now define
N0(t) := ker D(t), t ∈ [0, 1], (6)

and note that owing to the properties of the leading term, cf. (4), (5),

ker fy(y, x, t)D(t) = N0(t), (y, x, t) ∈ R
n ×D × (0, 1].

Let us denote by Q0 a continuous pointwise projector function onto kerD, Q0(t)2 = Q0(t), R(Q0(t)) =
ker D(t), t ∈ [0, 1], and let P0 := I − Q0. Moreover, let us define

G0(y, x, t) := fy(y, x, t)D(t), (y, x, t) ∈ R
n ×D × [0, 1], (7)

G1(y, x, t) := G0(y, x, t) + fx(y, x, t)Q0(t), (y, x, t) ∈ R
n ×D × [0, 1]. (8)

In the following we discuss DAEs (3a) which are regular with tractability index 1 on R
n × D × (0, 1].

Consequently, G1(y, x, t) is nonsingular on R
n × D × (0, 1]. However, we permit a singular behavior of

G1(y, x, t) for t → 0, causing a singularity of the first kind in the associated inherent ODE. To this end, we
suppose that

tG1(y, x, t)−1 (9)

has a continuous extension onto Rn ×D × [0, 1].
We introduce finally, the pointwise generalized inverse D− of D uniquely defined by the following require-
ments:

D−DD− = D−, DD−D = D, DD− = I, D−D = P0 (10)

which need to hold pointwise on [0, 1]. Note that D− is also continuous on [0, 1].

It is well known that properties of the linearized problem are crucial in the analysis of the nonlinear setting.
Therefore, we assume that a solution x� ∈ C1

D([0, 1], Rm) of (3) exists and introduce the linearization of (3).
The linearization of (3a) has the following form:

A�(t)(D(t)z(t))′ + B�(t)z(t) = g(t), t ∈ (0, 1], (11)

where
A�(t) = fy((D(t)x�(t))′, x�(t), t), B�(t) = fx((D(t)x�(t))′, x�(t), t), t ∈ [0, 1].
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This linear DAE is regular with tractability index 1 on the interval (0, 1]. It was demonstrated in [2] that
with the above assumptions the solutions of the DAE (11), see also [19], can be decoupled on (0, 1] into
the differential components Dz and the algebraic components Q0z. While Dz satisfies the explicit inherent
ODE,

(D(t)z(t))′ + D(t)G−1
� 1 (t)B�(t)D(t)−︸ ︷︷ ︸
=:− 1

t
M�(t)

D(t)z(t) = D(t)G−1
� 1 (t)g(t), t ∈ (0, 1], (12)

where
G� 1(t) = A�(t)D(t) + B�(t)Q0(t) = G1((D(t)x�(t))′, x�(t), t),

the algebraic components are given by

Q0(t)z(t) = −Q0(t)G−1
� 1 (t)B�(t)D(t)−D(t)z(t) + Q0(t)G−1

� 1 (t)g(t) (13)

and the solutions of (11) can be expressed as

z(t) = D(t)−D(t)z(t) + Q0(t)z(t), t ∈ (0, 1]. (14)

We note that M� is continuous on [0, 1].

In analogy to the theory of explicit ODEs [15], we say that the solution x� of boundary value problem (3)
is isolated if and only if the linearization of boundary value problem (3),

A�(t)(D(t)z(t))′ + B�(t)z(t) = 0, t ∈ (0, 1], (15a)
B0D(0)z(0) + B1D(1)z(1) = 0, (15b)

has only the trivial solution. It this case the boundary value problem (3) is said to be well-posed.

We now turn back to the nonlinear DAE (3a) and decouple it into the inherent ODE and the algebraic
constraints. We first introduce the notation,

u�(t) := D(t)x�(t), w�(t) := Q0(t)x�(t) + D(t)−(D(t)x�(t))′, t ∈ [0, 1]

as well as the function
F (w, u, t) := f(D(t)w, D(t)−u + Q0(t)w, t),

where w ∈ R
m, u ∈ R

n, t ∈ (0, 1] such that D(t)−u + Q0(t)w ∈ D.

We observe that F (w�(t), u�(t), t) = 0, t ∈ [0, 1] and

Fw(w�(t), u�(t), t) = fy((D(t)x�(t))′, x�(t), t)D(t) + fx((D(t)x�(t))′, x�(t), t)Q0(t) = G�1(t), t ∈ [0, 1].

G�1(t) is nonsingular for t > 0. Consequently, it follows from the Implicit Function Theorem that for
t ∈ (0, 1], the equation F (w, u, t) = 0 is locally equivalent to w = ω(u, t), where the function ω together
with its partial derivative ωu are continuous and

ω(u�(t), t) = w�(t), ωu(u�(t), t) = −G−1
� 1 (t)B�(t)D(t)−, t ∈ (0, 1], (16)

for details see [9].

Remark: Note that for the linear case the function ω can be easily specified. We have

f(y, x, t) := A(t)y + B(t)x − g(t)

and
G1(t) = A(t)D(t) + B(t)Q0(t).
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Consequently,

F (w, u, t) = A(t)D(t)w + B(t)(D(t)−u + Q0(t)w(t)) − g(t) = G1(t)w + B(t)D(t)−u − g(t),

and hence
ω(u, t) = −G1(t)−1(B(t)D(t)−u − g(t)), u ∈ R

n, t ∈ (0, 1].

We now use our so-called decoupling function ω : Dω × (0, 1] → R
m, where Dω ⊆ R

n is an open set, to
specify the inherent ODE associated with the nonlinear DAE (3a). Let x be a solution of (3a), and let us
define

u(t) := D(t)x(t), w(t) := Q0(t)x(t) + (D(t)x(t))′.

It follows that

D(t)w(t) = (D(t)x(t))′, Q0(t)w(t) = Q0(t)x(t), P0(t)x(t) = D(t)−D(t)x(t) = D(t)−u(t), (17)

and
x(t) = D(t)−u(t) + Q0(t)w(t), t ∈ [0, 1]. (18)

With the above notation, the original DAE (3a) can be rewritten as

f(D(t)w(t), D(t)−u(t) + Q0(t)w(t), t) = 0.

In case that the domain Dω is sufficiently large, the solution x can be represented in the following form:

x(t) = D(t)−u(t) + Q0(t)ω(u(t), t), t ∈ (0, 1], (19)

where u satisfies the inherent ODE,

u′(t) = D(t)ω(u(t), t), t ∈ (0, 1]. (20)

In order to apply the standard analysis for singular boundary value problems, cf. [11] and [18], we assume
that the decoupling function ω satisfies

D(t)ω(u, t) =
1
t
M(t)u + g(u, t), u ∈ Dω, t ∈ (0, 1], (21)

where the n × n matrix function M and the function g are appropriately smooth on [0, 1] and Dω × [0, 1],
respectively. Later on, in Section 5, for a large class of quasi-linear DAEs, we derive sufficient conditions for
(21) to hold in terms of the original data of the DAE system.
The inherent ODE (20) is now augmented by the boundary conditions (3b),

B0u(0) + B1u(1) = β. (22)

This yields the following boundary value problem:

u′(t) =
1
t
M(t)u(t) + g(u(t), t), t ∈ (0, 1], (23a)

B0u(0) + B1u(1) = β. (23b)

The linearization of the above boundary value problem reads, cf. (12),

ζ ′(t) = D(t)ωu(u�(t), t)ζ(t) =
1
t
M�(t)ζ(t), t ∈ (0, 1], (24a)

B0ζ(0) + B1ζ(1) = 0. (24b)
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Note that the linear boundary value problem (15), for a system of DAEs, has only the trivial solution exactly
when this is the case for the related boundary value problem for the inherent ODE (24), due to the solution
representation (14). This means that the nonlinear boundary value problem (3), for a system of DAEs, is
well-posed exactly when this holds for the related boundary value problem for the nonlinear inherent ODE
(23).
We now specify the necessary and sufficient conditions for the linear ODE problem (24) to have only the
trivial solution. First of all, it is clear that for the matrices B0, B1 in (24b) and (3b), B0, B1 ∈ R

n×m has
to be true. It was shown in [11] that the form of the boundary conditions (24b) which guarantee that (24)
has a unique trivial solution depends on the spectral properties of the coefficient matrix M�(0). Note that
(21) implies

M�(t) = M(t) + tgu(u, t), u ∈ Dω, t ∈ (0, 1],

and therefore M�(0) = M(0).
To avoid fundamental modes of (24a) which have the form cos(σ ln(t)) + i sin(σ ln(t)), we assume that zero
is the only eigenvalue of M(0) on the imaginary axis.
Now, let S denote a projection onto the invariant subspace which is associated with eigenvalues of M(0)
which have positive real parts, and R a projection onto the kernel of M(0). Finally, define

U := S + R, V := I − U, (25)

where I denotes the identity matrix in R
n. In [11] it was shown that the boundary value problem (24) is

well-posed if and only if the boundary conditions (24b) can equivalently be written as

V ζ(0) = 0, (26a)
Rζ(0) = 0, Sζ(1) = 0. (26b)

In the next section, we apply polynomial collocation to approximate solutions of (3) by means of an enlarged
system,

f(u′(t), x(t), t) = 0, (27a)
D(t)x(t) − u(t) = 0, t ∈ (0, 1], (27b)

which can be brought into the form

f̂((D̂(t)x̂(t))′, x̂(t), t) = 0, t ∈ (0, 1], (28)

where x̂(t) = (x(t), u(t))T and

f̂(y, x̂, t) :=
(

f(y, x, t)
D(t)x − u

)
, D̂(t) =

(
0 I

)
=: D̂, x̂ =

(
x
u

)
∈ D × R

n, y ∈ R
n.

Problem (28) is a regular DAE system with properly stated leading term and tractability index 1 on (0, 1].
To see this, note that D̂(t) is constant and therefore we define the related matrices Ĝ0(t), Q̂0, and Ĝ1(t) as

Ĝ0(y, x̂, t) :=
(

0 fy(y, x, t)
0 0

)
, Q̂0 :=

(
I 0
0 0

)
,

and

Ĝ1(y, x̂, t) := Ĝ0(y, x̂, t) +
(

fx(y, x, t) 0
D(t) −I

)
Q̂0 =

(
fx(y, x, t) fy(y, x, t)

D(t) 0

)
,

respectively. Moreover,

ker Ĝ1 = {z ∈ R
m+n, z = (z1, z2)T ; z1 = Q0w, z2 = Dw, w ∈ kerG1}

for all t ∈ (0, 1], which means that Ĝ1 is nonsingular for t > 0. The enlarged DAE (28) has exactly the same
inherent ODE as the original DAE (3a) does.
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3 Collocation Methods – Convergence at Collocation Points

For the theoretical discussion of collocation methods, we define meshes

Δ := (τ0, τ1, . . . , τN ),

and hi := τi+1 − τi, i = 0, . . . , N − 1, τ0 = 0, τN = 1. For reasons of simplicity, we restrict the discussion to
equidistant meshes, hi = h, i = 0, . . . , N − 1. However, the results also hold for nonuniform meshes which
have a limited variation in the stepsizes. For collocation, k distinct points ti,j := τi + hiρj , j = 1, . . . , k, are
inserted in each subinterval (τi, τi+1). Since we want to focus on Gaussian points, we restrict ourselves to
interior collocation points, where ρ1 > 0 and ρk < 1. A grid with equidistant interior collocation points is
illustrated in Figure 1.

τ0 . . . τi

. . . ti,j . . .

τi+1 . . . τN︸ ︷︷ ︸
hi

Figure 1: The computational grid

Now, let us denote by Bk the Banach space of continuous, piecewise polynomial functions q ∈ Pk of degree
≤ k, k ∈ N, equipped with the maximum norm ‖ · ‖∞. In the following, we denote by q the vector valued
functions from Bk independently of the number of their components.

By p ∈ Bk we denote an approximation to the exact solution x� of (3), and by q ∈ Bk an approximation to
the exact solution u� of the inherent ODE (20). As usually, to compute p and q, we set up the collocation
equations augmented by the proper number of boundary conditions,

f(q′(ti,j), p(ti,j), ti,j) = 0, (29a)
D(ti,j)p(ti,j) − q(ti,j) = 0, (29b)
B0 q(0) + B1q(1) = β, (29c)

where j = 1, . . . , k and i = 0, . . . , N − 1. By inspection of the number of unknowns ((k + 1)N(n +
m) polynomial coefficients) and equations (Nk(n + m) collocation conditions, (N − 1)(n + m) continuity
conditions for p and q, n boundary conditions) we see that further m conditions will be necessary to close
the system for the numerical treatment. Clearly, these additional conditions have to be consistent with the
original DAEs. Various choices are possible. In general, we may complete the above scheme by the 2m
equations

f(D(1)w, D(1)−q(1) + Q0(1)w, 1) = 0, p(1) = D(1)−q(1) + Q0(1)w, (30)

which contain the additional variable w ∈ R
m. This choice yields

w = ω(q(1), 1), p(1) = D(1)−q(1) + Q0(1)ω(q(1), 1).

If the DAE (3a) is given with separated derivative free equations,

f1((D(t)x(t))′, x(t), t) = 0,

f2(x(t), t) = 0,

where f1 and f2 have n and m − n components, respectively, then we can augment the scheme (29) by

f2(p(1), 1) = 0, D(1)p(1) = q(1), (31)

7



or by
f2(p(0), 0) = 0, D(0)p(0) = q(0). (32)

In order to show that the collocation scheme for the DAE (29) comprises exactly the same scheme applied
to the inherent ODE, we introduce

uij := q(tij), wij := D(tij)−q′(tij) + Q0(tij)p(tij), (33)

and obtain from (29a)
f(D(tij)wij , D(tij)−uij + Q0(tij)wij , tij) = 0. (34)

By applying the decoupling function to (34), the relation

wij = ω(uij , tij) = ω(q(tij), tij)

follows, and hence,
q′(tij) = D(tij)ω(q(tij), tij), (35)

and
p(tij) = D(tij)−q(tij) + Q0(tij)ω(q(tij), tij), (36)

for all collocation points tij . The system (35) together with the boundary conditions (29c) form a classical
collocation scheme for q ∈ Bk. According to Theorem 3.1 in [18], there exists a unique collocation solution
q ∈ Bk of the scheme (35) subject to (29c), under the assumptions that the underlying analytical problem
is well-posed with sufficiently smooth data, and that the grid is sufficiently fine. Finally, p ∈ Bk is uniquely
specified by the values of p at all collocation points, see (36), and one of the consistency conditions given
by (30), (31) or (32).

The convergence analysis for the nonlinear collocation scheme (35) subject to appropriately posed boundary
conditions has been given in [18]. Especially, the structure of the global error of the collocation solution at
the collocation points has been described,

q(tij) − u�(tij) = εu(tij)hk + r(tij) + O(hk+1), (37)

where εu is a smooth function with εu(0) ∈ ker M(0), and r = O(hk) is in Bk. Thus, we can conclude that
q(tij) − u�(tij) = O(hk) holds.
It follows from the solution representation at the collocation points (19) and (36) that

p(tij) = D(tij)−q(tij) + Q0(tij)ω(q(tij), tij),
x�(tij) = D(tij)−u�(tij) + Q0(tij)ω(u�(tij), tij).

Consequently,

p(tij) − x�(tij) = D(tij)−(q(tij) − u�(tij)) +
∫ 1

0
Q0(tij)ωu(sq(tij) + (1 − s)u�(tij), tij)ds (q(tij) − u�(tij)).

Taking into account the form of ωu, we finally obtain the error representation

p(tij) − x�(tij) =
∫ 1

0

[
I − Q0(tij)G−1

1 (Pij(s))fx(Pij(s))
]
ds D(tij)−(q(tij) − u�(tij)),

where(
Pi,j(s)

)
=

(
D(tij)ω(sq(tij) + (1 − s)u�(tij), tij),

D(tij)−(sq(tij) + (1 − s)u�(tij)) + Q0(tij)ω(sq(tij) + (1 − s)u�(tij), tij), tij
)
.
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Recall that Q0G
−1
1 fx represents the canonical projector of the DAE. Evidently, in case that this projector

function remains bounded, the error p(tij) − x�(tij) inherits the convergence order of q(tij) − u�(tij) which
means that

p(tij) − x�(tij) = O(hk). (38)

This makes clear that the commutativity of the decoupling procedure and the collocation discretization,
which is due to the numerically qualified DAE formulation (with R(D(t) = R

n, t ∈ [0, 1], cf. [9], [10]),
ensures the expected convergence order at the collocation points.

4 Collocation Methods – Uniform Convergence

Beyond the convergence at the collocation points discussed in the previous section, we know from Theorem
3.1 in [18], that uniform convergence holds for the inherent explicit ODE,

‖q − u�‖ = O(hk), ‖q′ − u′
�‖ = O(hk). (39)

Moreover, in case of an initial value problem we have

q(t) − u�(t) = tO(hk). (40)

We now consider the convergence behaviour of the whole numerical solution including algebraic components.
We perform this error analysis relying on techniques presented in [19]. Here, we restrict ourselves to initial
value problems. Let the exact solution and the related collocation polynomial be given as

x̂�(t) :=
(

x�(t)
u�(t)

)
, p̂(t) :=

(
p(t)
q(t)

)
,

respectively. Let us introduce the error function ê(t) := (e(t), eu(t))T , ê ∈ Bk, by

ê ′(0) = 0, ê ′(ti,j) = x̂�
′(tij) − p̂ ′(tij), j = 1, . . . , k, i = 0, . . . N − 1,

which yields

ê ′(t) = x̂�
′(t) − p̂ ′(t) + O(hk), ê(t) = x̂�(t) − p̂(t) + t

(
r(t)
s(t)

)
,

where r(t) = O(hk) and s(t) = O(hk). From (27) and (29a), (29b) we know that

f(u�
′(tij), x�(tij), tij) = 0, D(tij)x�(tij) − u�(tij) = 0,

f(q′(tij), p(tij), tij) = 0, D(tij)p(tij) − q(tij) = 0,

leading to

A(tij)(q′(tij) − u�
′(tij)) + B(tij)(p(tij) − x�(tij)) = 0, (41a)

D(tij)(p(tij) − x�(tij)) − (q(tij) − u�(tij)) = 0, (41b)

with coefficients

A(t) =

1∫
0

Ã(t, τ)dτ, B(t) =

1∫
0

B̃(t, τ)dτ,

Ã(t, τ) = fy(u�
′(t) + τ(q′(t) − u�

′(t)), x�(t) + τ(p(t) − x�(t)), t), t, τ ∈ [0, 1]
B̃(t, τ) = fx(u�

′(t) + τ(q′(t) − u�
′(t)), x�(t) + τ(p(t) − x�(t)), t), t, τ ∈ [0, 1].
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The matrix functions A and B are continuous on [0, 1] because x�, p, u�
′, q′ are so.

From (38) and from the representations

e′u(tij) = u�
′(tij) − q′(tij), (42a)

eu(tij) = u�(tij) − q(tij) + tijs(tij), (42b)
e(tij) = x�(tij) − p(tij) + tijr(tij), (42c)

it follows that

A(tij)e′u(tij) + B(tij)e(tij) = tijB(tij)r(tij), (43a)
D(tij)e(tij) − eu(tij) = tijD(tij)r(tij) − tijs(tij), (43b)

subject to
e(0) = 0, eu(0) = 0. (44)

Next, we take a closer look at the coefficients A and B and show that A(tij) ∈ R
m×n has full column rank

n and G1(tij) := A(tij)D(tij)+B(tij)Q0(tij) is nonsingular provided that the stepsize h is sufficiently small.
Rewrite

Ã(t, τ) = fy(u�
′(t), x�(t), t)

+

1∫
0

{fyy(u�
′(t) + (1 − ξ)τ(q′(t) − u�

′(t)), x�(t) + (1 − ξ)τ(p(t) − x�(t)), t)τ(q′(t) − u�
′(t))

+ fyx(u�
′(t) + (1 − ξ)τ(q′(t) − u�

′(t)), x�(t) + (1 − ξ)τ(p(t) − x�(t)), t)τ(p(t) − x�(t))} dξ

= A�(t) +

1∫
0

{· · · } dξ,

B̃(t, τ) = fx(u�
′(t), x�(t), t)

+

1∫
0

{fxy(u�
′(t) + (1 − ξ)τ(q′(t) − u�

′(t)), x�(t) + (1 − ξ)τ(p(t) − x�(t)), t)τ(q′(t) − u�
′(t))

+ fxx(u�
′(t) + (1 − ξ)τ(q′(t) − u�

′(t)), x�(t) + (1 − ξ)τ(p(t) − x�(t)), t)τ(p(t) − x�(t))} dξ

= B�(t) +

1∫
0

{· · · } dξ.

Taking into account the convergence results formulated in (38) and (39) we obtain

A(tij) = A�(tij) +

1∫
0

1∫
0

{fyy(· · · , tij)τ(q′(tij) − u�
′(tij)︸ ︷︷ ︸

O(hk)

) + fyx(· · · , tij)τ(p(tij) − x�(tij)︸ ︷︷ ︸
O(hk)

)} dξdτ

= A�(tij) + O(hk),

analogously
B(tij) = B�(tij) + O(hk),

and hence
G1(tij) = G�1(tij) + O(hk).
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We now suppose the grid to be sufficiently fine so that the terms O(hk) are small and therefore A(tij)
inherits from A�(tij) the full rank n, while G1(tij) inherits the invertibility of G�1(tij).

Let us now introduce
M(tij) := −tijD(tij)G1(tij)−1B(tij)D(tij)−.

We multiply (43a) by D(tij)G(tij)−1 and by Q0(tij)G(tij)−1 and also (43b) by D(tij)−. This implies

e′u(tij) =
1
tij

M(tij)eu(tij) −M(tij)s(tij),

Q0(tij)G1(tij)−1B(tij)P0(tij)e(tij) + Q0(tij)e(tij) = tijQ0(tij)G1(tij)−1B(tij)r(tij),
P0(tij)e(tij) − D(tij)−eu(tij) = tijP0(tij)r(tij) − tijD(tij)−s(tij),

respectively. Thus, the values of e(tij) for the interpolation process from which we can recover the error
function e(t) read e(0) = 0 and

e(tij) = (P0(tij) + Q0(tij))e(tij)
= (I − Q0(tij)G1(tij)−1B(tij))(D(tij)−eu(tij) + tijP0(tij)r(tij) − tijD(tij)−s(tij))

+ tijQ0(tij)G1(tij)−1B(tij)r(tij).

It can be seen that eu(tij) = tijO(hk). This follows from eu(t) = u�(t)− q(t)+ ts(t) and (40). Consequently,
the error function is determined by the values e(0) = 0 and

e(tij) = (I − Q0(tij)G1(tij)−1B(tij))tijO(hk) + tijQ0(tij)G1(tij)−1B(tij)O(hk).

Note that the crucial terms in the above expression are G1(tij)−1 for tij close to zero. Due to the basic
assumption (9) we know that tijG�1(tij)−1 is uniformly bounded (for arbitrary grids). When this also holds
for the perturbed expression tijG1(tij)−1 then the interpolation leads to e(t) = O(hk) and we arrive at the
uniform convergence result for the global error of the collocation solution to the DAE system,

x�(t) − p(t) = O(hk). (45)

In the above consideration, the uniform boundedness of the expression tijG1(tij)−1 plays an important role.
It may happen that the error term in G1(tij) = G�1(tij) + O(hk) disappears, and G1(tij) equals G�1(tij),
such that tijG1(tij)−1 inherits the uniform boundedness from tijG�1(tij)−1. In particular, this situation is
given for the special quasi-linear DAEs

A(t)(D(t)x(t))′ + B(t)x(t) + S(D(t)x(t), t) = 0,

i.e. for
f(y, x, t) = A(t)y + B(t)x + S(D(t)x, t)︸ ︷︷ ︸

=:h(x,t)

, y ∈ R
n, x ∈ D, t ∈ [0, 1].

Namely, then we have

fy(y, x, t) = A(t), fx(y, x, t) = B(t) + hx(x, t),
fyy = 0, fyx = fxy = 0, fxx(y, x, t) = hxx(x, t),

and further
h(x, t) = h(P0(t)x, t),
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such that P0(t)w = 0 implies hxx(x, t)w = 0. This yields

M(tij) = A�(tij) = A(tij),

L(tij) = B�(tij) +

1∫
0

1∫
0

hxx(x�(tij) + (1 − ξ)τ(p(tij) − x�(tij)), tij) · τ(p(tij) − x�(tij))dξdτ,

L(tij)Q0(tij) = B�(tij)Q0(tij),

and finally

G1(tij) = M(tij)D(tij) + L(tij)Q0(tij)
= A�(tij)D(tij) + B�(tij)Q0(tij) = G�1(tij).

Let us also mention that tijG1(tij)−1 remains uniformly bounded for the problem class which we discuss in
the next section.

5 Quasi-Linear DAEs

The aim of this section is to derive sufficient conditions in terms of the original problem data to ensure the
special structure of the inherent ODE (21) for a quasi-linear DAE of the form

A(t)(D(t)x(t))′ + B(t)x(t) + h(x(t), t) = 0. (46)

As for the general case we assume R(D(t)) = R
n, t ∈ [0, 1] and kerA(t) = {0}, t ∈ (0, 1]. As before, we use

the orthoprojectors Q0(t) and P0(t) = I −Q0(t) onto kerD(t) and kerD(t)⊥, respectively. We also make the
following assumptions:

(i) Let the matrix G̃1(t) := A(t)D(t) + B(t)Q0(t) be nonsingular for all t ∈ (0, 1].

(ii) Let tG̃1(t)−1 have a continuous extension on [0, 1].

(iii) Let G̃1(t)−1h(x, t) have a smooth extension on D × [0, 1].

(iv) Let Q0(t)G̃1(t)−1B(t) be bounded for t → 0.

(v) Let the function h have the structure

(I − A(t)A(t)−)(h(x, t) − h(P0(t)x, t)) = 0.

The properties (i)–(iv) have already been useful in the analysis of linear problems, cf. [19]. The structural
assumption (v) is satisfied in case that at least h(x(t), t) = h̄(D(t)x(t), t). In Section 2 we further assumed
that

A1 G1(y, x, t) := A(t)D(t) + (B(t) + hx(x, t))Q0(t) is nonsingular for t > 0,

A2 tG1(y, x, t)−1 has a continuous extension for t → 0,

A3 the decoupling function has the form, see (21),

D(t)ω(u, t) =
1
t
M(t)u + g(u, t)

hold.
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Next, we show that properties A1–A3 follow from (i)–(v):

We first note that (i), (iii) and (v) imply

Q0(t)G̃1(t)−1h(x, t) = Q0(t)G̃1(t)−1[ A(t)︸︷︷︸
G̃1(t)P0(t)

A(t)− + I − A(t)A(t)−]h(x, t)

= Q0(t)G̃1(t)−1[I − A(t)A(t)−]h(P0(t)x, t) = Q0(t)G̃1(t)−1h(P0(t)x, t), (47)

and additionally

Q0(t)G̃1(t)−1hx(x, t) = Q0(t)G̃1(t)−1hx(P0(t)x, t)P0(t).

Thus
Q0(t)G̃1(t)−1hx(x, t)Q0(t) = 0.

Now, we show A1. For t > 0 we have

G1(y, x, t) = G̃1(t) + hx(x, t)Q0(t) = G̃1(t)(I + G̃1(t)−1hx(x, t)Q0(t))
= G̃1(t)(I + P0(t)G̃1(t)−1hx(x, t)Q0(t)).

Since I + P0(t)G̃1(t)−1hx(x, t)Q0(t) has the inverse I − P0(t)G̃1(t)−1hx(x, t)Q0(t), the matrix G1(y, x, t) is
nonsingular for t > 0 together with G̃1(t).

A2 is now a simple consequence of the representation

tG1(y, x, t)−1 = (I − P0(t)G̃1(t)−1hx(x, t)Q0(t))tG̃1(t)−1.

As a valuable byproduct we can see that the canonical projector has a continuous extension for t → 0, since

Qcan(y, x, t) := Q0(t)G1(y, x, t)−1(B(t) + hx(x, t)) = Q0(t)G̃1(t)−1(B(t) + hx(x, t))
= Q0(t)G̃1(t)−1B(t) + Q0(t)G̃1(t)−1hx(x, t).

Now we turn to A3. The equation defining the decoupling function ω(u, t) reads:

A(t)D(t)w + B(t)(D(t)−u + Q0(t)w) + h(D(t)−u + Q0(t)w, t) = 0.

For t > 0 this is equivalent to

w = −G̃1(t)−1B(t)D(t)−u − G̃1(t)−1h(D(t)−u + Q0(t)w, t).

Taking (47) into account we find

Q0(t)w = −Q0(t)G̃1(t)−1B(t)D(t)−u − Q0(t)G̃1(t)−1h(D(t)−u, t).

This means that the function ω(u, t) satisfies

Q0(t)ω(u, t) = −Q0(t)G̃1(t)−1B(t)D(t)−u − Q0(t)G̃1(t)−1h(D(t)−u, t).

The right hand side of the above identity has a continuous extension for t → 0. We now insert the last
expression into the identity

D(t)ω(u, t) = −D(t)G̃1(t)−1B(t)D(t)−︸ ︷︷ ︸
=: 1

t
M(t)

u−D(t)G̃1(t)−1h(D(t)−u + Q0(t)ω(u, t), t)︸ ︷︷ ︸
=:g(u,t)
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and see that A3 follows, with M(t) and g(u, t) continuous for t → 0.
Finally, we show the uniform boundedness of the expression tijG1(tij)−1, which is important for the uniform
convergence considered in the previous section. Derive (cf. the definitions in Section 4)

G1(t) :=

1∫
0

(M̃(t, τ)D(t) + L̃(t, τ)Q0(t))dτ

= A(t)D(t) + B(t)Q0(t)︸ ︷︷ ︸
G̃1(t)

+

1∫
0

hx(x�(t) + τ(p(t) − x�(t)), t)Q0(t)dτ

= G̃1(t)

⎧⎨
⎩I +

1∫
0

G̃1(t)−1hx(· · · , t)Q0(t)dτ

⎫⎬
⎭

= G̃1(t)

⎧⎨
⎩I +

1∫
0

P0(t)G̃1(t)−1hx(· · · , t)Q0(t)dτ

⎫⎬
⎭

= G̃1(t)

⎧⎨
⎩I + P0(t)

1∫
0

G̃1(t)−1hx(· · · , t)dτQ0(t)

⎫⎬
⎭

=: G̃1(t)C(t).

The matrix function C(t) is nonsingular, and it has the inverse C(t)−1 = I−P0(t)
1∫
0

G̃1(t)−1hx(· · · , t)dτQ0(t),

which is bounded on [0, 1]. As a consequence, tijG1(tij)−1 = C(tij)−1tijG̃1(tij)−1 is uniformly bounded since
tijG̃1(tij)−1 is so.

6 Numerical Experiments

In this section we consider a nonlinear system of the form

f((D(t)x(t))′, x(t), t) = A(t)(D(t)x(t))′ + b(x(t), t) =
{

tx′
1(t) + b1(x(t), t) = 0,

b2(x(t), t) = 0,
, t ∈ [0, 1],

where n = 2, m = 4, and

f(y, x, t) =
(

tI
0

)
︸ ︷︷ ︸

A(t)

y + Bx + B̃(x)x + β(t)︸ ︷︷ ︸
b(x,t)

,

D(t) = (I 0), B =
(

B11 B12

B21 B22

)
=

⎛
⎜⎜⎝

−11 −18 3 −1
12 19 −2 1
1 1 1 0
2 3 0 1

5

⎞
⎟⎟⎠ ,

B̃ =
(

B̃11(x) B̃12(x)
B̃21(x1) B̃22(x)

)
=

⎛
⎜⎜⎜⎝

sin(x12) 0 e−x11 0
0 cos(x22) 0 sin(x11 + x21)

x3
12 0 x11 0
0 x11x12 0 x2

12

⎞
⎟⎟⎟⎠ .
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The inhomogeneity β(t) is chosen in such a way that

x�(t) =

⎛
⎜⎜⎝

t2 sin(t)
tet

t cos(t)
sin(t)

⎞
⎟⎟⎠

is the exact solution and β(0) = 0 holds. Moreover, y = Dx′ ∈ R
2 and

x =
(

x1

x2

)
=

⎛
⎜⎜⎝

x11

x12

x21

x22

⎞
⎟⎟⎠ ∈ D := {x ∈ R

4 : x11 > −1}, Q0(t) =
(

0 0
0 I

)
.

The above problem satisfies the following assumptions: G1(y, x, t) is nonsingular for t > 0, tG1(y, x, t)−1

remains bounded for t → 0, the canonical projector

Qcan(y, x, t) := Q0(t)G1(y, x, t)−1bx(x, t),

is continuous on R
2 × D × [0, 1], and the nonlinear inherent ODE is singular with a singularity of the first

kind,

D(t)ω(u, t) =
1
t
Mu + g(u, t),

where

M = −B11 + B12B
−1
22 B21 =

(
4 6

−4 −6

)
,

and g(u, t) is smooth. Clearly, u = x1. We now augment the DAE system by the necessary number of
boundary conditions given by either

2x11(0) + 3x12(0) = 0, (48a)
x11(1) + x12(1) = sin(1) + e, (48b)

or

2x11(0) + 3x12(0) = 0, (49a)
x11(0) + x12(0) = 0, (49b)

and the consistency condition
b2(x(0), 0) = 0.

A careful analysis of the matrices G(tij), cf. Section 4 on uniform convergence, shows that G(tij) are
nonsingular for all sufficiently fine grids, and tijG(tij)−1 are uniformly bounded.

In the following tables, we have collected the results of our numerical experiments. All calculations have
been carried out with Matlab. In Table 1 we report on the global error of the solution x and its differential
x1 and algebraic x2 components. In the upper part of the table we illustrate the asymptotical properties of
the differential components x1 with error at points τi defined as maxτi{max{|x11(τi)|, |x12(τi)|}}. Similarly,
the global error at the collocation points is given by maxtij{max{|x11(tij)|, |x12(tij)|}}. For the algebraic
components the above quantities are specified in an analogous way. The order and the error constant
are computed out of two consecutive steps in the usual fashion. We can see that the observed order of
convergence is k + 1 (since k = 1 is odd).
In the lower part of the tabular we report on the asymptotical behavior of the whole solution vector. The
left column serves as an illustration for the estimate given in (38). In order to illustrate (45), in the right
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column the maximal global error of x is calculated by considering its values at 1000 uniformly spaced points
in the interval [0, 1]. In both cases, we also observe the convergence of order k + 1.

In Table 2 the analogous results are given for k = 2 and equidistant points in the upper and Gaussian points
in the lower table. For the equidistant points, we observe the order of convergence k = 2, as predicted by
the analysis. Note that due to the singularity, we so not observe the superconvergence order 2k, not even
for the differential components x1 at the mesh points τi, cf. [12].

uniform mesh differential components x1 at points τi differential components x1 at points ti,j
N h error order const. error order const.
10 1.00e-01 2.721e-02 1.630e-02
20 5.00e-02 6.850e-03 2.0 2.657e+00 5.270e-03 1.6 6.946e-01
40 2.50e-02 1.717e-03 2.0 2.707e+00 1.567e-03 1.7 9.949e-01
80 1.25e-02 4.297e-04 2.0 2.736e+00 4.344e-04 1.9 1.448e+00
160 6.25e-03 1.074e-04 2.0 2.746e+00 1.149e-04 1.9 1.944e+00
320 3.13e-03 2.686e-05 2.0 2.749e+00 2.960e-05 2.0 2.367e+00
uniform mesh algebraic components x2 at points τi algebraic components x2 at points tij
N h error order const. error order const.
10 1.00e-01 1.440e-01 7.898e-02
20 5.00e-02 4.164e-02 1.8 8.869e+00 2.822e-02 1.5 2.410e+00
40 2.50e-02 1.089e-02 1.9 1.372e+01 8.784e-03 1.7 4.380e+00
80 1.25e-02 2.755e-03 2.0 1.633e+01 2.486e-03 1.8 7.264e+00
160 6.25e-03 6.909e-04 2.0 1.729e+01 6.642e-04 1.9 1.045e+01
320 3.13e-03 1.729e-04 2.0 1.759e+01 1.719e-04 2.0 1.321e+01
uniform mesh solution x at points tij solution x at 1000 uniform points
N h error order const. error order const.
10 1.00e-01 7.898e-02 1.440e-01
20 5.00e-02 2.822e-02 1.5 2.410e+00 4.164e-02 1.8 8.869e+00
40 2.50e-02 8.784e-03 1.7 4.380e+00 1.089e-02 1.9 1.372e+01
80 1.25e-02 2.486e-03 1.8 7.264e+00 2.755e-03 2.0 1.633e+01
160 6.25e-03 6.642e-04 1.9 1.045e+01 6.909e-04 2.0 1.729e+01
320 3.13e-03 1.719e-04 2.0 1.321e+01 1.729e-04 2.0 1.759e+01

Table 1: Numerical experiments with midpoint rule, collocation at one point k = 1.
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uniform mesh differential components x1 at points τi differential components x1 at points ti,j
N h error order const. error order const.
10 1.00e-01 2.172e-03 1.965e-03
20 5.00e-02 5.252e-04 2.0 2.425e-01 5.004e-04 2.0 1.849e-01
40 2.50e-02 1.295e-04 2.0 2.231e-01 1.264e-04 2.0 1.913e-01
80 1.25e-02 3.216e-05 2.0 2.143e-01 3.179e-05 2.0 1.963e-01
160 6.25e-03 8.017e-06 2.0 2.099e-01 7.970e-06 2.0 1.998e-01
320 3.13e-03 2.001e-06 2.0 2.075e-01 1.995e-06 2.0 2.019e-01
uniform mesh algebraic components x2 at points τi algebraic components x2 at points τi

N h error order const. error order const.
10 1.00e-01 2.143e-02 1.808e-03
20 5.00e-02 5.427e-03 2.0 2.055e+00 3.663e-04 2.3 3.631e-01
40 2.50e-02 1.361e-03 2.0 2.142e+00 8.308e-05 2.1 2.232e-01
80 1.25e-02 3.405e-04 2.0 2.169e+00 2.004e-05 2.1 1.607e-01
160 6.25e-03 8.515e-05 2.0 2.177e+00 4.935e-06 2.0 1.413e-01
320 3.13e-03 2.129e-05 2.0 2.179e+00 1.224e-06 2.0 1.339e-01
uniform mesh solution x at points tij solution x at 1000 uniform points
N h error order const. error order const.
10 1.00e-01 1.965e-03 2.143e-02
20 5.00e-02 5.004e-04 2.0 1.849e-01 5.427e-03 2.0 2.055e+00
40 2.50e-02 1.264e-04 2.0 1.913e-01 1.361e-03 2.0 2.142e+00
80 1.25e-02 3.179e-05 2.0 1.963e-01 3.405e-04 2.0 2.169e+00
160 6.25e-03 7.970e-06 2.0 1.998e-01 8.515e-05 2.0 2.177e+00
320 3.13e-03 1.995e-06 2.0 2.019e-01 2.129e-05 2.0 2.179e+00

uniform mesh differential components x1 at points τi differential components x1 at points ti,j
N h error order const. error order const.
10 1.00e-01 1.088e-04 1.617e-04
20 5.00e-02 1.288e-05 3.1 1.305e-01 2.070e-05 3.0 1.494e-01
40 2.50e-02 1.567e-06 3.0 1.160e-01 2.639e-06 3.0 1.521e-01
80 1.25e-02 1.930e-07 3.0 1.085e-01 3.339e-07 3.0 1.582e-01
160 6.25e-03 2.394e-08 3.0 1.039e-01 4.202e-08 3.0 1.637e-01
320 3.13e-03 2.980e-09 3.0 1.010e-01 5.272e-09 3.0 1.676e-01
uniform mesh algebraic components x2 at points τi algebraic components x2 at points tij
N h error order const. error order const.
10 1.00e-01 1.632e-02 1.206e-03
20 5.00e-02 4.121e-03 2.0 1.579e+00 1.492e-04 3.0 1.249e+00
40 2.50e-02 1.033e-03 2.0 1.631e+00 1.858e-05 3.0 1.213e+00
80 1.25e-02 2.584e-04 2.0 1.647e+00 2.321e-06 3.0 1.196e+00
160 6.25e-03 6.461e-05 2.0 1.652e+00 2.900e-07 3.0 1.190e+00
320 3.13e-03 1.615e-05 2.0 1.653e+00 3.625e-08 3.0 1.188e+00
uniform mesh solution x at points tij solution x at 1000 uniform points
N h error order const. error order const.
10 1.00e-01 1.206e-03 1.632e-02
20 5.00e-02 1.492e-04 3.0 1.249e+00 4.121e-03 2.0 1.579e+00
40 2.50e-02 1.858e-05 3.0 1.213e+00 1.033e-03 2.0 1.631e+00
80 1.25e-02 2.321e-06 3.0 1.196e+00 2.584e-04 2.0 1.647e+00
160 6.25e-03 2.900e-07 3.0 1.190e+00 6.461e-05 2.0 1.652e+00
320 3.13e-03 3.625e-08 3.0 1.188e+00 1.615e-05 2.0 1.653e+00

Table 2: Numerical experiment for collocation with two collocation points k = 2; equidistant (top), and
Gaussian points (bottom).
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