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Abstract

The equations for relative motions in space introduced in this paper are necessary for (hypothetical) space-based
acquisition, pointing and tracking systems endowed with very narrow laser beams to reach the pointing accuracy
required to throw middle size low Earth orbit debris objects into the atmosphere. In fact, no matter how demanding
the scenario might be, using these equations will allow the operators to overcome the hardest difficulty they will face.
This difficulty shall arise when they try to account for the corrections needed to balance the deviation of the line of
sight directions due to the curvature of space along the paths the laser beams will travel. To minimize these corrections,
the systems will have to perform initial positioning manoeuvres according to a specific procedure. In order to deal
with the remaining corrections, the shooting point-ahead angles will have to be adapted in real time. As a matter of
fact, from the numerical experiments carried out in this work, we may conclude that neglecting both actions will most
probably cause fatal errors. The reason is that neglecting these corrections will result in space deviations from the
actual locations of the objects of the order of their size within the operative ranges of the pointing systems.
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1. Introduction

This paper is motivated by recent research activities
in solving the problem of removing middle size space
debris objects in low Earth orbit (LEO). As it is known,
the size of such objects varies between 1 to 10 cm.

The precise description of the problem can be found
in a choice of the well-received and acknowledged pub-
lications such as M. Ansdell [1], B. Greene [2], S.H.
Choi and R.S. Pappa [3], M.K. Thind and C. Lokesh
[4], Univ. of Strathclyde, Stardust [5] (see also A. Gib-
bings et al. [6]), A.V. Avdeev et al. [7], C.R. Phipps and
C. Bonnal [11], and M. Shan et al. [12].

The paper is also motivated by the investigations in
A.V. Avdeev et al. [7], C.R. Phipps [8], S. Shuangyan et
al. [9], and M. Schmitz et al. [10]. Finally, as a bench-
mark, our discussion shall rely on O. Montenbruck and
E. Gill [13].

We now discuss the most important contributions to
the global view of the problem provided in [1, 3, 7, 10,
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11, 12].
In [1], we can read: ‘It is likely that space debris

will become a significant problem within the next sev-
eral decades... The most dangerous pieces of space de-
bris are those ranging in diameter from one to ten cen-
timeters, of which there are roughly 300, 000 in orbit.
These are large enough to cause serious damage, yet
current sensor networks cannot track them, and there
is no practical method for shielding spacecrafts against
them. Consequently, this class of orbital debris poses
invisible threat to operating satellites.’
This statement is followed by ‘There is a growing con-
sensus within the space debris community... that ensur-
ing a safe future for space activities will require the de-
velopment of systems that actively remove debris from
Earth’s orbit.’ The following can be found in [7], re-
ferring to middle size objects, ‘The removal of SDFs
(space debris fragments) from a protected spacecraft is
a rather urgent problem’, and in [11], ‘The smaller de-
bris in Low-Earth Orbits, with sizes ranging from 1 to
10 cm, represent nearly a million potential impacts, ca-
pable of damaging active satellites or leading to loss of
function after collisions.’
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However, the state of constructive measures to deal
with the problem is not satisfactory, see [3], ‘Unfortu-
nately, there are not practical activities for space debris
mitigation and removal to date’ and [10], ‘Never in the
history of spaceflight, an uncooperative object was ever
removed from orbit...’, as well as [12], ‘However, not a
single space debris has been removed yet.’

In the following contributions the space-based acqui-
sition, pointing and tracking (APT) laser systems are
simply assumed to be as feasible as any other laser sys-
tem, despite there is no evidence of their emplacement
in space. The reason may lie in the confidence that
the space-based laser procedures will result in the best
methods to solve this hard problem.

Thus, we can read in [4], ‘There are two types of
laser techniques, ground air based laser and space based
laser...’ and in [2] (referring to ground-based systems),
‘Space debris presents near-intractable problems for
tracking, since it is extremely difficult to track objects
smaller than 10 cm due to both, their small cross
section, and also their reduced orbital stability... A
significant problem in acquiring and tracking debris
is the poor initial quality of the debris elements’.
Finally, we read in [7], ‘In a number of papers... it is
proposed to use ground-based lasers for clearing the
space. However, such a scheme suffers from serious
disadvantages related to passing high power radiation
through the atmosphere, which may lead to the loss of
optical quality of the beam... Moreover, ground-based
lasers cannot be used in cloudy weather..., and, finally,
the main problem is that the required laser power is
essentially higher because the distance from the Earth
surface to the space debris fragments becomes longer.
For these reasons the most rational is to place the laser
station directly in space.’

Therefore, it seems reasonable to conclude from these
contributions
(i) that placing laser systems in space is feasible, at least
technically, and
(ii) that programs involving space-based APT laser sys-
tems are welcome.

In this context see ‘Objectives: to develop au-
tonomous systems for proximity operators to asteroids
and space debris and to estimate the state of motion of
a non-cooperative target... Various technologies have
been proposed... some are conceived to be installed on
board future spacecrafts’ [5], which motivated the pro-
cedure for autonomous shooting proposed in [31], see
also [6].

Now, from the performance models in [7, 8, 9, 10],

which seem to be the most promising, and from other
related publications like [11], we can draw two addi-
tional conclusions,
(iii) that laser technology for use by hypothetical space-
based systems has matured substantially in the recent
years, and
(iv) that the pointing technology has matured even
stronger.

In fact, while there is sound analysis of lasers, poten-
tially suitable for decaying of such LEO debris objects
into the atmosphere, a detailed description of some
pointing procedure is hardly available. Thus, in [10],
we merely find, ‘This paper outlines the capabilities
of a space-based laser for active debris removal in the
range of 1 to 10 cm... When directed properly,’ (sic!)
‘the resulting propulsive effect will lower the target’s
perigee’. Also in [8], ‘An orbiting system can have
short range... This leads to much smaller mirrors and
lower average power than the ground-based systems,
and finally, in [9], ‘The focal spot should not be too
small in consideration that it is difficult to track and aim
a debris target. However, too large a spot causes serious
energy waste, and is difficult to reach the ablation
threshold as well.’

Nevertheless, two further conclusions follow from
[9] and [11]. From [9], we conclude
(v) that with one, well specified, laser and one 2.44
m diameter mirror, the diameter of the beam spot at
focusing distances below 100 Km would be smaller
than 15 cm, and from [11]
(vi) that with one laser, again well specified, and one
3 m diameter mirror, the diameter of the beam spot at
focusing distances below 250 Km would be smaller
than 11 cm.

To summarize, we now feel entitled and compelled to
draw the final conclusion out of (i)–(vi):
(vii) if such objects would have to be ended by focussing
on them laser beams with spot sizes at the centimeter
level, the pointing procedures should be ready to ac-
count even for the most unexpected corrections known
for this level of approximation, in order to facilitate in
the near future the previously specified task.

Consequently, the aim of this paper is to show that
the post-Newtonian (p-N) equations for the relative mo-
tions [14] are essential to keep that attitude. In fact,
these equations provide corrections to the Newtonian
locations of the respective objects at the required level
of accuracy that cannot be provided by the Newtonian
methods. More precisely, this paper shall provide a pro-
cedure that minimizes these corrections.
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The success of such a procedure is motivated by the
following observations: the equations satisfy the rec-
ommendation by Montenbruck and Gill [13]; the results
obtained from them fit perfectly well with those of re-
lated work in Space Geodesy, Positioning, Navigation,
and Geolocation, see [15]–[24], in particular with [31],
and finally, they account, according to Synge, for the de-
viations of the line of sight (LOS) directions produced
by the curvature of space along the paths that the narrow
laser beams will be to travel, see Section 3, paragraph 6,
and [25].

The recommendation by Montenbruck and Gill can
be found in a popular book Satellite Orbits, 1st. Edition
(2000), and refers to Space Geodesy, but it can obvi-
ously be extended to the problem at hand, ‘As a rough
rule, the size of general relativistic effect is given by the
Schwarzschild radius of the Earth (2GM⊕)/c2 ≈ 1cm.
Any application in satellite geodesy that approaches this
level of accuracy must carefully consider the effects of
general relativity.’

The paper is organized as follows. Since the deriva-
tion of the equations used here is rather tedious, we
postpone it to Appendix A and focus our attention on
their structure and contains. Hence, after preliminaries
in Section 2, the mathematical model is directly intro-
duced in Section 3. The numerical simulations focusing
on the sizes of the p-N corrections, as well as on the pro-
cedure how to minimize them, can be found in Section
4. Finally, in Section 5, we formulate the conclusions
and the recommendation for the increase of the pointing
accuracy.

2. Initial Observations

We stressed already, that to achieve accuracies at the
centimeter level in position-determining of middle size
LEO debris objects it is necessary to assume that the
structure of the space-time about the Earth is to be de-
scribed by means of the second order p-N approxima-
tion to the Earth Schwarzschild field, cf. [13].

This assumption implies that the Earth Centered Iner-
tial (ECI) equations of motion for these so small objects
are the well-known geodesic equations for which the
gravitational force is given by the Christoffel symbols
corresponding to this approximation (see Eq. (A.4)).

Hence, from (A.1)–(A.4), we have that the p-N or-
bital equations in ECI coordinates (x, y, z, t) are, up to
O(ε2),

d2x
dt2 =

−m
r3

1− 2m
r2 +

(
1−

3(x)2

r2

)(dx
dt

)2
+

(
1−

3(y)2

r2

)(dy
dt

)2

+

(
1−

3(z)2

r2

)(dz
dt

)2
−

6xy
r2

dx
dt

dy
dt
−

6xz
r2

dx
dt

dz
dt
−

6yz
r2

dy
dt

dz
dt

x,

d2y
dt2 =

−m
r3

1− 2m
r2 +

(
1−

3(x)2

r2

)(dx
dt

)2
+

(
1−

3(y)2

r2

)(dy
dt

)2

+

(
1−

3(z)2

r2

)(dz
dt

)2
−

6xy
r2

dx
dt

dy
dt
−

6xz
r2

dx
dt

dz
dt
−

6yz
r2

dy
dt

dz
dt

y,
d2z
dt2 =

−m
r3

1− 2m
r2 +

(
1−

3(x)2

r2

)(dx
dt

)2
+

(
1−

3(y)2

r2

)(dy
dt

)2

+

(
1−

3(z)2

r2

)(dz
dt

)2
−

6xy
r2

dx
dt

dy
dt
−

6xz
r2

dx
dt

dz
dt
−

6yz
r2

dy
dt

dz
dt

z,
(1)

where m is the mass of the Earth measured in seconds
(we have set G = 1), r2 = (x)2 + (y)2 + (z)2, where r
is also measured in seconds (we have set c = 1), v is
the characteristic speed of the objects involved (thus, v
is dimensionless), and ε = O(m/r) = O(v2/c2).1

3. Equations of Motion

In order to derive p-N equations for the relative mo-
tion of any debris object, say D, with respect to any
space-based APT system, i.e., either endowed with laser
gun, or not, say S , we must take into account that these
equations may not be derived following the Classical
approach, i.e., from equations of type (1) under the as-
sumption that the relative position of D with respect to
S is the difference of the ECI p-N positions of D and
S . In fact, the so derived positions would not be reliable
[27].

The reason why this would not be the appropriate pro-
cedure is that, according to the relativistic paradigm, the
space surrounding the Earth is curved and not flat. Ac-
cording to this paradigm, the curvature of space about
the Earth is different at different locations, so that the
ranging and angle measurements made by S depend not

1We note that Eq. (1) is scaled such that the ECI coordinates of
the debris objects and APT systems are measured in seconds, since
c = G = 1 in (A.2). This simplifies the derivation of the mathematical
model and the numerical testing. Hence, we have m = 1.479 × 10−11

sec as in [26], and the semi-major axes between 2.192 × 10−2 sec and
2.792×10−2 sec for altitudes from 200 to 2000 Km. The orbital speeds
are around 2.629 × 10−5, i.e. 7.8 Km/sec, so that ε is 10−10.
For completeness and for reader convenience, input data and results
are recalculated to standard units in Section 4.

3



only on the p-N orbital position of S . They additionally
depend on the curvature of space at the location of S
and on the related velocity of S .

This is already accounted for in the most simple met-
ric that describes the geometry of the space in a neigh-
borhood S , as seen from S . Thus, it follows that close
to S – too close in terms of accuracy and security – the
geometry surrounding S is described by the metric in
(A.7), see [28].

Now, although quite sophisticated already, this met-
ric is not suitable for our purpose yet, since S will have
to reach middle size LEO debris objects D at finite dis-
tances by means of very narrow laser beams. In fact,
this aim is rather cumbersome, since the closer D is to
the atmosphere, the larger the curvature of space and the
speed of D become.

Hence, for any narrow laser beam to reach objects
at reasonable distances, see the considerations in [7] –
[10], the pointing accuracy provided by (A.7) must be
increased by assuming that the ranging and angle mea-
surements made by S depend on more variables than
in the derivation (A.7). More precisely, we have to as-
sume that these measurements depend on the curvature
of space at the p-N spots occupied by S , on the velocity
of S at those spots, and on the curvature at all points
of the virtual segments that will join while orbiting, the
p-N positions of S and D, as well as on the velocity of
D.

This is the essential and subtle conclusion that was
derived by Synge already in 1960 (!) [29]. It is also
the most fruitful assumption in the present paper, since
those segments are the LOS’s up to O(ε2).

Consequently, we shall design the pointing proce-
dures for space-based APT laser systems that account
for reliable p-N corrections to the Newtonian predic-
tions for LEO debris object at realistic and safe dis-
tances based on the geometry about S that has the form
specified in (A.9).

Note in this context that the integrals in (A.10) have
to be taken along the segments joining consecutive spots
occupied by S and D according to (1), say [S ,D], and
that the curvature of space is given by (A.12).

Thus, we finally arrive at the p-N structure within the
Schwarzschild field up to the O(ε2) terms suggested by
Montenbruck and Gill, and get the following p-N equa-
tions of motion of D’s with respect to S ’s that are to be
used in order to derive the necessary corrections in local
inertial Cartesian coordinates X(α), see [14] and (A.19):

d2X(1)

ds2 = A11X(1) + A12X(2) + A13X(3)

+ Ā11(X(1))2 + Ā12X(1)X(2) + Ā13X(1)X(3)

+ Ā21X(2)X(1) + Ā22(X(2))2 + Ā23X(2)X(3)

+ Ā31X(3)X(1) + Ā32X(3)X(2) + Ā33(X(3))2,

d2X(2)

ds2 = A21X(1) + A22X(2) + A23X(3)

+ B̄11(X(1))2 + B̄12X(1)X(2) + B̄13X(1)X(3)

+ B̄21X(2)X(1) + B̄22(X(2))2 + B̄23X(2)X(3)

+ B̄31X(3)X(1) + B̄32X(3)X(2) + B̄33(X(3))2,

d2X(3)

ds2 = A31X(1) + A32X(2) + A33X(3)

+ C̄11(X(1))2 + C̄12X(1)X(2) + C̄13X(1)X(3)

+ C̄21X(2)X(1) + C̄22(X(2))2 + C̄23X(2)X(3)

+ C̄31X(3)X(1) + C̄32X(3)X(2) + C̄33(X(3))2,

(2)

where s is the proper time of S , i.e., the time recorded by
the atomic clock co-moving with S , and the coefficients
Aαγ, Āµν, B̄µν, and C̄µν are the integrals in (A.20).

We stress that these integrals, which depend on s,
have to be computed following the specifications given
in (A.12), (A.20), cf. Appendix A. Consequently, the
coefficients Aαγ, Āµν, B̄µν, and C̄µν in (2) will be deter-
mined after the solutions of (1) for the ECI p-N posi-
tions of S and D have been obtained.

The relationship between s and t, the ECI time coor-
dinate used in (1) is given in (A.5). This relationship, to-
gether with the structure of space-time shown in (A.9),
which yields (1), and the fact that S is assumed to be in-
ertial guided (cf. Eq. (A.6)), is why the procedures in [7]
– [10] may install (2) in order to incorporate the point-
ing corrections due to the curvature of space along the
segments [S ,D]. In summary, what we have is that these
equations will help these procedures to work properly.

In fact, the numerical experiments shown below indi-
cate that neglecting any coefficient in (2) will lead the
procedures to fatal errors resulting in a failure of the
methods. The reason is that the size of the corrections
is of the size of the involved objects, ranging between 1
and 10 cm.

In this context, [31] will turn out to be particularly
useful, as long as none of those coefficients are ne-
glected, as will be also shown in the next section.

4. Numerical Experiments

The orbital data considered in the experiments of this
section, was chosen to be similar to the data in [7]–[10],
so that the p-N corrections can be used as clues to es-
timate the corrections that should be included into the
procedures. In fact, all the considered objects are as-
sumed to be on close circular orbits with altitudes 200
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Km, 400 Km, and 800 Km at the perigee. This means
that we focus on how the p-N corrections can be used
to remove the middle size debris object within the LEO
zones of 200, 400, and 800 km, dedicated to research
satellites, satellites of meteorological monitoring, and
distant probing, respectively.2

In order to resemble as many potential S−D configu-
rations as possible, the objects were classified into three
groups, the ’200 Km’, ’400 Km’, and ’800 Km’ group.
Each object hat to be identified within one group. Then,
once classified, we first consider those objects orbiting
with relatively large eccentricities, from 0.05 to 0.02.
Next, to closely recover more frequent orbits, we con-
sider further objects with orbital eccentricities smaller
than 0.02, to finish up with the circular limit cases, dealt
with in [7]–[10], cf. footnote 2. Otherwise, since there
is no loss of generality in choosing some particular or-
bital inclination (the experiments were carried out in
a Schwarzschild field), the orbits were assumed to be
equatorial.

Then, in order to show how the corrections derived
from the standard initial S−D configurations considered
in [7]–[10], could be decreased, a set of smaller correc-
tions were derived in parallel, only from the initial S−D
configurations, where from a sequence of autonomous
shooting was implemented [31].

Finally, to analyze the results and to see their impact
in the hypothetical practice, we use the data from [9]
as the reference for the spot diameter and the distance
from S to D. These numbers are the most conservative
ones [9, 11]. We recall, that according to [9, 11], for
well specified lasers, the diameters of the beam spots at
focusing distances of 100 Km and 250 Km are 15 cm
and 11 cm, respectively. Cf. conclusions (v) and (vi) in
the Introduction.

In Section 4, thirteen figures are included. Figs. 1 to
8 correspond to the group ’400 Km’, i.e., the group of
objects at 400 Km in altitude at perigee and eccentricity
0.02. The reason is that the p-N corrections correspond-
ing to this case are among the smallest in size, whereas
Figs. 9 to 13 correspond to other cases for which the
corrections were medium in size. Otherwise, no other

2To clarify matters, let us look at an example. In [8, 10], the al-
titude 800 Km is not considered, but rather 760 and 831 Km in cir-
cular orbits. Nevertheless, we chose 800 Km, since the difference of
31 Km only moderately alters the results. Moreover, the sequence
(200, 400, 800) = (2, 4, 8) × 102 = (2, 22, 23) × 102 is covering the
respective data range finer than than the sequence (2, 4, 8.31) × 102.
Also, the altitudes (200, 400, 800) are more representative for the lo-
cation of the most LEO debris objects, according to the studies on
the debris distribution made from the catalogue of the United States
Space Surveillance Network (SSN) (see e.g. [30]).

figures similar to Figs. 1 to 7 but corresponding to other
groups are provided, because although the differences
are quantitatively relevant, the situation for the remain-
ing groups is qualitatively very similar.
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Figure 1: p-N ECI orbits of S and D.

Let us finally note that Tables 1 and 2 contain the p-
N corrections for the circular cases. The corrections in
Table 1 were obtained in case when the procedure from
[31] was not implemented, whereas those in Table 2 are
related to the case when this procedure was used in the
simulation. The corrections in Table 1 are (in a contrary
to the case in Fig. 8) the largest among all discussed
here. As we can see in Table 1, they reach 10 cm, i.e.
the largest size of the LEO objects at distances well be-
low 100 Km. In turn, Table 2 shows that using the pro-
cedure in [31] results in diminishing of the respective
corrections shown in Table 1.

Fig. 1 offers a global representation of the small ec-
centric ECI orbits of a typical object, D, and of a hy-
pothetical APT laser system, S , during a few revolu-
tions about the Earth. In this figure, the orbits cannot
be clearly distinguished, since the picture was scaled
such that the inner curve actually represents the Earth
surface. Moreover, for better visuality, only a few rev-
olutions are displayed. Since, as was indicated above,
the task of S is to push D into the atmosphere by means
of laser impulses, D was actually assumed to be upper-
followed by S until D was out of the effective range of
the laser beam, assumed to correctly reach distances up
to at least 100 Km.

The orbits of D and S were computed by integrating
the p-N equations (1) with the adaptive Runge-Kutta 4-
5 method. The computations were carried out until the
distance between S to D became 150 Km. The follow-
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Figure 2: Close view of D and S orbits.

6750 6800 6850 6900 6950 7000 7050
−0.2

0

0.2

0.4

0.6

0.8

1

1.2

d (Km)

d
if
. 

(c
m

)

Figure 3: Diff. of dist. from ECI center to the N and p-N orbits of D.

ing initial conditions for the orbit of D were used: semi-
major axis 2.258 × 10−2 sec and eccentricity 0.02. In
standard units this implies that, while orbiting, the al-
titude of D over the Earth surface was about 400 Km,
as in the circular case considered in [9]. To make sure
that S satisfactorily performs an appropriate APT of D
(having satisfactory pointing accuracy), S was initially
placed [31] on the orbital plane of D in an orbit whose
semi-major axis is by 1 Km larger than the semi-axis of
the orbit of D. To avoid possible collision, S was placed
5 Km behind D.

Regarding the orbital eccentricity of S and the initial
S − D configuration, the eccentricity was fixed as in the
procedure in [31] with S having at perigee the same ve-
locity D would have there. Finally, the integration of
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Figure 4: Diff. of dist. from ECI center to the p-N orbits of D and S.
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Figure 5: Relative N and p-N orbits of D w.r.t. S.

Eq. (1) for S and D started simultaneously with S at
perigee. Thus, by simultaneously computing both or-
bits, it is possible to determine in real time the LOS of
D from S for observers on Earth. The initial step size of
the integration was 25 sec.

The p-N orbits of S and D appear superposed simply
because the distance between S and D is much smaller
than the Earth radius. For better visibility, we enclose
Fig. 2, which shows last steps from Fig. 1 zoomed in.

Fig. 2 now enables to realize that the orbit of S is al-
ways above the orbit of D with respect to the Earth, see
the segments [S ,D] corresponding to the respective last
steps. However, from the simple inspection of Fig. 2 it
is not possible to see the conclusion from [27] saying
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Figure 6: Partial view of N and p-N orbits of D w.r.t. S.
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Figure 7: Close view of N and p-N orbits of D w.r.t. S.

that slight variations of the lengths and orientations of
the segments [S ,D] with respect to those of the New-
tonian orbits are what causes the difference coefficients
in Eq. (2). Indeed, some computations are necessary to
calculate the difference in the distances from the ECI
center to the Newtonian and p-N positions of D, or the
difference in the distances from the ECI center to the
p-N positions of D and S .

In this context, we point out (completing the descrip-
tion of Eq. (2) started in Section 3) that the segments
[S ,D], specified in (1), depend on t, so that the values
of the curvature of space along these segments deter-
mine the coefficients of Eq. (2). In fact, the equations
for [S ,D] are

x̄α(u) = (1 − u)xα + uxα
′

, 0 ≤ u ≤ 1,
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Figure 8: p-N corrections (eD = 0.02;eS adapt.,altD = 400 Km.)
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Figure 9: p-N corrections (eD = 0.02, eS = 0.02, altD = 400 Km.)

where xα(t) and xα
′

(t), α = 1, 2, 3, are the ECI p-N co-
ordinates of D and S , respectively, when orbiting ac-
cording to (1), see Eq. (A.10) and Eq. (A.20). The re-
sults for the differences in distances corresponding to
the last steps of the respective integrations are illustrated
in Figs. 3 and 4.3

Finally, we stress that the differences discussed above
are neither the distances from the Newtonian to the p-N
positions of D, in the first case, nor the distance between
the p-N positions of S and D, in the second case. In
fact, the p-N relative orbit of D with respect to S was
computed via Eq. (2), and its graph is shown in Fig. 5

3Note that these orbits are not standard orbits in space. In part,
they describe the problem as a dynamical system.
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(although, again, only after a few revolutions of D and
S ).

Fig. 5 also contains the Newtonian and post-
Newtonian relative orbits of D w.r.t. S and we can
see that the Newtonian orbit is hidden behind the post-
Newtonian. This is because the distance between them
is much smaller than the distance from S to D, regard-
less which orbit, Newtonian or post-Newtonian, is con-
sidered to determine this distance. Proceeding as be-
fore, we provided Figs. 6 and 7.

30 40 50 60 70 80 90 100
0

2

4

6

8

10

12

d(S1−S2)(Km)

p
−

N
 c

o
rr

. 
(c

m
)

p−N corr. Vs. Euclid. dist. S−D

Figure 10: p-N corrections (eD = 0.01, eS = 0.01, altD = 200 Km.)

Fig. 6 shows the evolution of [S ,D], counterclock-
wise due to the initial configuration S −D, and Fig. 7
shows the last steps of the integration of (2). In fact,
Fig. 7 is a zoom of the last arcs of the Newtonian and p-
N orbits after the integration was terminated. To clarify
matters: the farthest orbit from S in Fig. 6, that is the
one on the left, is the p-N orbit, and the nearest, that is,
the one on the right, is the Newtonian orbit. S is out of
the picture, on the right, so that only the D-ends of the
respective segments can be seen, in form of rays moving
to the left.

Note that during the computation, we had in each step
two segments [S ,D], one for the Newtonian relative po-
sition of D with respect to S and the other for the post-
Newtonian position. Now, we are in the position to for-
mulate some final results.

1. The p-N corrections to the Newtonian positions,
as seen from S , increasingly arrive at values larger than
1 cm, for distances to S below 100 Km.

2. Each wave in the curve of corrections corresponds
to one revolution of D about S , again, as seen by S . The
reference for this result is found in Fig. 5.

These findings are adequately illustrated in Fig. 8. In
this figure the horizontal lines correspond to 1 cm and
10 cm and mark the lower and upper bound for sizes of
the considered LEO objects. Since these lines are im-
portant, they can be also found in the remaining figures,
Figs. 9 to 13. From now on we refer to them as the
1-size and the 10-size lines, respectively.
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Figure 11: p-N corrections (eD = 0.01, eS adapt.,altD = 200 Km.)

The results, so far encouraging, do not seem to be ex-
clusive of the simulation setting discussed above. They
rather suggest that similar corrections and waves, prob-
ably larger and smoother shall be obtained in the context
of the other groups.
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Figure 12: p-N corrections (eD = 0.01, eS = 0.01, altD = 800 Km.)

Consequently, we continued the simulations starting
with the same initial object D, but this time without im-
plementing the procedure from [31].
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Figure 13: p-N corrections (eD = 0.01, eS adapt.,altD = 800 Km.)

It turned out, that for any working distance, the
corrections became much larger than the corrections
obtained previously and the waves became much
smoother. In fact, this time the 10-size line was reached
before the distance from S to D was 100 Km, see Fig.
9.

It is clear that our results agree with the general rel-
ativistic consequences which we assumed to hold while
calculating the p-N correction. They are due to the im-
plementation of the procedure from [31] resulting in the
eccentricity of S taking the value for which the relative
transverse velocity of S and D at perigee was zero. This
value is much smaller than the respective velocity ob-
tained without approach from [31].

To proceed with the investigations, we chose next ob-
jects D with different orbital eccentricities from 0.01,
see Figs. 10 to 13, down to zero. Moreover, we consider
the altitude 800 Km, 400 Km, and 200 Km at perigee.
The other orbital data remains unchanged to allow com-
parisons. The order of the simulations is different: we
start with initial S −D configuration without the imple-
mentation from [31].

The results stayed similar, even for substantial mod-
ifications in the ratios between the semi-major axis and
eccentricities, and the orientation of the orbits. All the
results followed the same patters and reflected the same
behavior.
The following further observations could be made.

3. The smaller the eccentricities and orbital distances
to the atmosphere, the faster the corrections increase.
This is not surprising, because already anticipated by
General Relativity.

4. The second observation is in our opinion the most
interesting. After implementing the procedure from
[31], to adapt the eccentricity of the respective S , the
corrections significantly decrease.

Alt. of D 800 400 200
S -D dist. p-N corr. p-N corr. p-N corr.

50 1.68 1.76 1.83
80 6.96 7.40 7.62

100 13.68 14.59 14.97

Table 1: p-N corrections. S not adapted.

Alt. of D 800 400 200
S -D dist. p-N corr. p-N corr. p-N corr.

50 0.43 0.45 0.47
80 1.69 1.79 1.85

100 3.54 3.76 3.89

Table 2: p-N corrections. S adapted.

The figure pairs, Figs. 10 and 11, and Figs. 12 and
13, are rather trustworthy illustrations of the results for
the groups ’200 Km’ and ’800 Km’, respectively. In this
context, we stress that while the 10-size line in Fig. 10 is
reached before the distance between S and D is 90 Km,
the p-N corrections are still below 4 cm at 100 Km, see
Fig. 11.

This means that while at the distance of 100 Km,
there could still be many objects larger than the corre-
sponding p-N correction if the procedure has been im-
plemented, at that distance the p-N correction would be
larger than all the objects, if the procedure has not been
implemented. Similar conclusion can be drawn from
Figs. 12 and 13, as well as for any other analogous cou-
ples S −D.

This completes our comments on the numerical
simulations, with special focus on the circular cases
discussed in the performance models presented in
[7]–[10]. As expected, the results are similar. We
recapitulate the numerical finings in Tables 1 and 2.
Table 1 corresponds to those simulations in which the
procedure from [31] is not implemented, while Table 2
is related to the case when the respective procedure is
implemented. There is no need for a comment here, the
numbers speak for themselves.

As a final remark, let us point out that, among all
the numerous simulations carried out during the testing,
there was no single case in which the corrections may
have been neglected.
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5. Conclusions

The post-Newtonian corrections derived in this work
allow to increase the pointing accuracy required for the
APT systems endowed with very narrow laser beams
to push middle size LEO debris object into the Earth
atmosphere.

The corrections have been derived from Eq. (2), the
relativistic equations of motion, that account for the de-
viations of the LOS directions caused by the curvature
of space along the paths the laser beams travel.

The size of the corrections is at the centimeter level,
and often, the corrections are larger than the objects
themselves.

Therefore, even in the case that all the classical per-
turbations were taken into account, including the finest,
it is still necessary to include the post-Newtonian cor-
rections discussed here. Otherwise, we will likely miss
the aim to efficiently reach the middle sized dangerous
debris objects, particularly, when they are small.

Consequently, it is an urge need for a proper im-
plementation of the post-Newtonian corrections in the
computation of the point-ahead angles. We point out
that a respective adaptation of the APT procedure pre-
sented in [31] may provide a suitable tool in this con-
text. Finding such an adaptation, will be in focus of our
future work.

Appendix A.

The orbital equations for the LEO debris objects as
well as the APT systems in ECI coordinates, xi(xα, t),
are the following geodesic equations:

d2xi

dt2 = −Γi
jk

dx j

dt
dxk

dt
, (A.1)

whose Christoffel symbols, Γi
jk, correspond to the ECI

metric about the Earth. For simplicity, we assume that
the APT systems are inertial-guided.

In terms of the dimensionless parameter ε =

O(m/r) = O(v2/c2), the geometry of the space-time
about the Earth in ECI coordinates is given by

gαβ = δαβ + γαβ + O(ε2),
gα4 = O(ε3),
g44 = −1 + γ44 + O(ε2), (A.2)

where

γαβ =
2m
r

xαxβ

r2 , γ44 =
2m
r
. (A.3)

Here, m is the mass of the Earth measured in seconds,
v the characteristic speed of the objects, and r2 = xαxα,

where r is also measured in seconds. Latin indices range
from 1 to 4, and Greek ones, from 1 to 3.

Thus, the space part of the metric (A.2), gαβ, is almost
Euclidean, g44 is almost −1, and the Christoffel symbols
Γi

jk are specified by

Γi
jk =

1
2

[
γ jl,i + γil, j + γ ji,l

]
, (A.4)

where γ jl,i = ∂γ jl/∂xi, etc.
Taking into account that during the APT action of S ,

the relative speed of D with respect to S is small com-
pared to the ECI velocity of S , vµ, we see that the re-
lationship between the proper times of S and D, s and
s′ respectively, is approximately ds′/ds = 1. More-
over, if the space-time trajectory of S , say L, is given by
xi(s) ≡ (xα(s), t(s)), then, the unit tangent vector to L,
say λi

(4)(s), is

λ
µ
(4)(s) = vµ,

λ4
(4)(s) = 1 +

m
r

+
1
2

(v)2, (A.5)

where (v)2 = vµvµ.
The orthogonality condition for the tetrad of unit vec-

tors (λi
(α)(s), λi

(4)(s)) with respect to (A.2) yield the com-
ponents of the canonical inertial-guided system, λi

(α)(s),
co-moving with S . Thus, we have

λ
µ
(α)(s) = δ

µ
α, λ4

(α)(s) = vα, (A.6)

so that λ4
(4) = dt/ds, i.e., the post-Newtonian relation-

ship between the ECI time coordinate and the proper
time of S (used e.g. in navigation), and the local space
coordinates of D with respect to S are the Cartesian co-
ordinates of D with respect to S .

Let us denote these coordinates by X(α) (the fourth
coordinate of D with respect to S , X(4), is obviously s).

Since the classical post-Newtonian space-time as
seen by S is given by, cf. [28],

g(αβ) = δαβ −
1
3

R(αµβν)|S X(µ)X(ν) + O(ε2),

g(α4) = O(ε3),
g(44) = −1 − R(4µ4ν)|S X(µ)X(ν) + O(ε2), (A.7)

where R(i jkl)|S is the Riemann tensor evaluated at S with
the metric (A.2), the equations for the relative motion
derived from this metric are appropriate only for objects
D very close to S . In fact, according to the geodesic
principle, these equations read:

d2X(α)

ds2 = −R(α4β4)|S X(β), (A.8)
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with R(α4β4) evaluated at S . Hence, to write equations
for the case when the objects are orbiting far from S , it
is necessary to take a metric suitable for wider spaces
about S .

This requirement is satisfied by the Synge’s metric,
since it includes the value of R(i jkl) along the straight
line segments that connect S and D, while S and D are
orbiting the Earth. These segments are the LOS from S
to D up to the O(ε2) order terms, which is why Synge’s
metric is our best choice.

If xα and xα
′

are the ECI coordinates of S and D at
s respectively, and (X(α), X(4)) are the coordinates of D
with respect to S and λµ(α) at s, Synge’s metric at D is
[29]

ḡ(αβ) = δαβ + 2h̄(αβ) + O(ε2),
ḡ(α4) = O(ε3),
ḡ(44) = −1 + 2h̄(44) + O(ε2), (A.9)

where

h̄(αβ) =
3
2

X(µ)X(ν)
∫ 1

0
(1 − u)uS (αβµν)du,

h̄(44) =
3
2

X(µ)X(ν)
∫ 1

0
(1 − u)S (44µν)du. (A.10)

The line integrals are taken along the segments x̄α(u) =

(1 − u)xα + uxα
′

, 0 ≤ u ≤ 1.
We note that S (abcd) in (A.10) is the symmetrized Rie-

mann tensor at x̄α(u) evaluated with the metric (A.2).
The value of S (abcd) to be used in (A.10) is

S (abcd)(x̄µ(u)) = −
1
3

(
R(acbd) + R(adbc)

)(
x̄µ(u)

)
,(A.11)

where R(acbd) is the Riemann tensor at x̄α(u) evaluated
with (A.2). In particular, the components of R(acbd) at
x̄α(u) required for the equations of motion are

R(α4γ4)(x̄µ(u)) = −m
(

3x̄α(u)x̄γ(u)
r̄(u)5 −

δαγ

r̄(u)3

)
,(A.12)

where r̄(u)2 = x̄µ(u)x̄µ(u). Finally, we note that R(α4γ4)
are O(ε).

We now follow Synge’s procedure to model the mo-
tion of D with respect to S [25]. Let L be the space-time
evolution line of S , and L′, the evolution of D. Then, L
and L′ are geodesics. Let us for each event P′ of L′

consider the event P of L which is simultaneous to P′

as measured by the clock carried on by S . Let us also
assume that the coordinates of D with respect to S at
s are X(i) ≡ (X(α), X(4)), so that X(4) = s. Then, the
coordinates of P are (0, s). Let us finally assume that
the ECI coordinates of P and P′ are xi ≡ (xα, x4) and

xi′ ≡ (xα
′

, x4′ ), so that x4 and x4′ are t and t′, respec-
tively.

Since L′ is determined by the point P′ and the unit
tangent to L′, the plan to find the equations of L′ is to
write X(α)(s) in terms of the length of the straight-line
segment Γ(x̄i(u)) that joins P and P′.

Now, since P and P′ run along L and L′, this length is
a function of xi and xi′ . Therefore, the aim is to express
the second derivative of X(α) with respect to s in terms
of the derivatives of this function. Thus, with Ω(xi, xi′ )
defined by the line integral

Ω(xi, xi′ ) =
1
2

∫ P′

P
gi j

dx̄i

du
dx̄ j

du
du, (A.13)

we have

X(α) = X(α) = −Ωiλ
i
(α), (A.14)

with Ωiλ
i
(4) = 0, where gi j are given in (A.2), λi

(α) are
specified in (A.6), and Ωi = ∂Ω(xi, xi′ )/∂xi.

The condition for L to be geodesic is dλi
(α)/ds = 0.

Then, differentiation of (A.14) gives

dX(α)

ds
= −Ωi jλ

i
(α)λ

j
(4) −Ωi j′λ

i
(α)λ

j′

(4), (A.15)

where Ωi j = ∂2Ω/∂x j∂xi; Ωi j′ = ∂2Ω/∂x j′∂xi, and
λ

j′

(4) = dxi′/ds, the unit tangent vector to L′. Therefore,
the second derivatives read:

d2X(α)

ds2 = −Ωi jkλ
i
(α)λ

j
(4)λ

k
(4) −Ωi jk′λ

i
(α)λ

j
(4)λ

k′
(4)

−Ωi j′kλ
i
(α)λ

j′

(4)λ
k
(4) −Ωi j′k′λ

i
(α)λ

j′

(4)λ
k′
(4), (A.16)

where Ωi jk = ∂3Ω/∂xk∂x j∂xi; Ωi jk′ = ∂3Ω/∂xk′∂x j∂xi;
Ωi j′k = ∂3Ω/∂xk∂x j′∂xi, and Ωi j′k′ = ∂3Ω/∂xk′∂x j′∂xi.

Now, by (A.5), λµ(4) = vµ and λ4
(4) = 1+O(ε), and anal-

ogously, λµ
′

(4) = vµ
′

and λ4′
(4) = 1 + O(ε), where vµ

′

is the
ECI velocity of D at s. Consequently, (A.16) becomes

d2X(α)

ds2 = −Ω(α44)−Ω(α44′)−Ω(α4′4)−Ω(α4′4′),(A.17)

where Ω(α44) = Ωi jkλ
i
(α)λ

j
(4)λ

k
(4), etc.

The final step is to compute the third derivatives of Ω

for them to be used in (A.17). A straightforward calcu-
lation yields

Ω(α44) = −Ω(α44′) = −Ω(α4′4)

= −X(γ)
∫ 1

0
(1 − u)2R(α4γ4)du,

11



Ω(α4′4′) = 2X(γ)
∫ 1

0
u2R(α4γ4)du

−X(µ)X(ν)
∫ 1

0
(1 − u)u2 ∂R(µ4ν4)

∂xα
du, (A.18)

so that the equations become

d2X(α)

ds2 = −X(γ)
∫ 1

0
(1 − 2u + 3u2)R(α4γ4)du

+X(µ)X(ν)
∫ 1

0
(1 − u)u2 ∂R(µ4ν4)

∂xα
du. (A.19)

This provides equations given in (2), where

Aαγ = −

∫ 1

0
(1 − 2u + 3u2)R(α4γ4)du,

Āµν =

∫ 1

0
(1 − u)u2 ∂R(µ4ν4)

∂x1 du,

B̄µν =

∫ 1

0
(1 − u)u2 ∂R(µ4ν4)

∂x2 du,

C̄µν =

∫ 1

0
(1 − u)u2 ∂R(µ4ν4)

∂x3 du, (A.20)

with R(µ4ν4) computed from (A.12).
Finally, we note that the above integrals have to

be computed taking into account that the ECI post-
Newtonian locations of S and D are given by the
geodesic equations for S and D in the weak approxi-
mation to the Earth Schwarzchild field, see (1).
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